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Introduction 

In [15] the relation between the parametric representation of Feynman graph amplitude 
[13, 18] and the universal topological polynomials of graph theory was explicited. This 
was done for theories with ordinary propagators of the Laplace type, whose parametric 
representation is based on the heat kernel. These theories were defined either on ordinary 
flat commutative space or on noncommutative Moyal-Weyl flat noncommutative space. 
The parametric polynomials turned out to be evaluations of the multivariate version of 
the Tutte polynomial [see 21] in the commutative case and of the Bollobas-Riordan one 
in the noncommutative case [16]. 

However heat-kernel based noncommutative theories such as the <p^ 4 model show a phe- 
nomenon called UV/IR mixing which usually prevents them from being renormalizable. 
The first renormalizable noncommutative quantum field theory, the Grosse-Wulkenhaar 
model [8, 9, 20], is based on a propagator made out of the Laplacian plus a harmonic 
potential, hence the parametric representation of these models involve the Mehler kernel 
rather than heat kernel. The physical interest of such theories also stems from the fact 
that constant magnetic fields also induce such Mehler-type kernels. 

Since the Mehler kernel is quadratic in direct space, such theories have computable 
parametric representations but which are more complicated than the ordinary ones. The 
corresponding topological polynomials were defined and first studied in [10], then extended 
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to covariant theories in [19]. However a global expression has been found only for the 
leading part of these polynomials under rescaling and a full explicit solution was not 
found until now. This is what we provide here. 

We have found that the corresponding universal polynomials, defined on ribbon graphs 
with flags, are not based on the usual contraction-deletion relations on ordinary graphs 
but on slightly generalized notions which involve four canonical operations which act on 
them, the usual deletion and contraction plus an anticontraction and a superdeletion. 
These last two operations are analogous to contraction and deletion, but create extra 
flags. Moreover, our new polynomial is covariant under Chmutov's partial duality [7], 
thus extending the invariance property of the multivariate Bollobas-Riordan polynomial 
[23]. 

This paper is organized as follows. In section 1 the definitions of ribbon graphs (with 
flags) and of partial duality are given. 

Section 2 is a mathematical prelude to the study of the polnomials defining the para- 
metric representation of the Grosse-Wulkenhaar model. There we define bijections be- 
tween several classes of sub(ribbon)graphs. 

In section 3 the new polynomial is defined, together with its redution relation, rela- 
tionship with other known polynomials and properties under partial duality. 

In section 4 the Grosse-Wulkenhaar model and its parametric representation is recalled, 
following closely the notations of [10]. 

In section 5 we prove that the corresponding topological polynomials are particular 
evaluations of the topological polynomial of section 3. 

In section 6 various limits of the model are performed. The particular case of the com- 
mutative limit is computed and the corresponding commutative Mehler-based Symanzik 
polynomials are written down. 

1 Ribbon graphs 

There are several equivalent definitions of ribbon graphs: topological, combinatorial, in 
between. We will first give the topological definition and some basic facts about ribbon 
graphs. Then we will give a purely combinatorial definition which allows us to slightly 
generalize ribbon graphs to ribbon graphs with flags. 

Remark. In the following, and unless explicitely stated, when we write graph, the reader 
should read ribbon graph. 

1.1 Basics 

A ribbon graph G is a (not necessarily orientable) surface with boundary represented as 
the union of two sets of closed topological discs called vertices V(G) and edges E{G). 
These sets satisfy the following: 

• vertices and edges intersect by disjoint line segment, 

• each such line segment lies on the boundary of precisely one vertex and one edge, 
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• every edge contains exactly two such line segments. 

Figure 1 shows an example of a ribbon graph. Note that we allow the edges to twist (giving 
the possibility to the surfaces associated to the ribbon graphs to be non-orientable). A 
priori an edge may twist more than once but the polynomials we are going to consider 
only depend on the parity of the number of twists (this is indeed the relevant information 
to count the boundary components of a ribbon graph) so that we will only consider edges 
with at most one twist. 




Figure 1: A ribbon graph 



Definition 1.1 (Notations). Let G be a ribbon graph. In the rest of this article, we will 
use the following notations: 

• v(G) = cardl / (G) is the number of vertices ofG, 

• e{G) = card E(G) is the number of edges of G, 

• k(G) its number of components, 

• for all E' C E{G), Fe 1 is the spanning sub(ribbon) graph of G the edge-set of which 
is E' and 

• for all E' C E(G), E' c := E(G) \ E' . 

Loops Contrary to the graphs, the ribbon graphs may contain four different kinds of 
loops. A loop may be orientable or not, a non-orientable loop being a twisting edge. 
Let us consider the general situations of figure 2. The boxes A and B represent any ribbon 
graph so that the picture 2a (resp. 2b) describes any ribbon graph G with an orientable 
(resp. a non-orientable) loop e at vertex v. A loop is said nontrivial if there is a path 
in G from A to B which is not the trivial path only made of v . If not the loop is called 
trivial [4]. 

1.2 Combinatorial maps 

Based on [22], we slightly generalize the notion of combinatorial map to combinatorial 
map with flags. We will use it as a (purely combinatorial) definition for (possibly non- 
orientable) ribbon graphs with flags. 
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(a) An orientable loop (b) A non-orientable loop 



Figure 2: Loops in ribbon graphs 

Definition 1.2 (Combinatorial map with flags). Let X be a finite set of even cardi- 
nality. Its members are called crosses. A combinatorial map with flags on X is a triple 
(<7o,0,(7i) of permutations on X which obey the following axioms: 

A.l 2 = o\ = id and 0o x = o x 0. 

A. 2 is fixed-point free. Moreover if x is any cross, 9x and o^x are distinct. 
A. 3 a = 0a \ 

A. 4 For each cross x, the orbits of o~ through x and 9x are distinct. 

Let us now explain why such a combinatorial map describes a ribbon graph G with 
flags. The involution 9 being fixed-point free, the set X is partitioned into pairs of the 
form {x, 9x}, namely the orbits of 9. The involution o\ may have fixed points. Note that 
if x is a fixed point of a\, so is 9x because 9 and U\ commute, see axiom 1. The pairs 
{x, 9x} of fixed points of ai form the set F(G) of flags of G. 

Let us denote by Fx the set of fixed points of o\. Then X\Fx —'■ Hx has a cardinality 
which is a multiple of 4. H x is partitioned into the orbits of 9. The set H(G) of pairs 
{x, 9x} , x G H x is the set of half-edges of G. H x can also be partitioned into the orbits 
of the group Eq generated by 9 and o\. Each orbit is of the form {x, Ox, ayx, o\9x\. 
Thanks to axiom 2, the members of a given orbit are all distinct. Each orbit contains two 
distinct half-edges and is therefore called an edge. We write E{G) for the set of orbits 
of E G on H X - It is the set of edges of G. 

The elements of the set HR(G) := F(G) U H(G) made of the orbits of on X are 
called half-ribbons. 

Finally we describe the vertices of G. ctq being a permutation, X can be partitioned 
into its cycles. Each cycle is of the form C(a , x) := (x, a x, . . . , (T™" 1 ^) where m is the 
least integer such that Thanks to axiom 4, the cycles through x and Ox are 

distinct. But they have the same length. Indeed <^> 6x = 6<To m x <=> 9x = 

o-q 1 9x thanks to axiom 3. The cycle C(a o ,0x) can be formed from C(<7 ,ir): 

C(a , Ox) ={0x, a o 0x, a^Ox) (1.1) 
=(6x, Ogq 1 x, . . . , 0(To m+1 x) (1.2) 
=(9x,e<Tg- 1 x,...,9<T x). (1.3) 
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Thus C(<7 , Ox) is formed from C(a , x) by reversing the cyclic order of the elements and 
then premultiplying each by 9. We express this relation by saying that C(cr ,x) and 
C(<7 , 9x) are conjugate. A pair of conjugate orbits of a is called a vertex of G. 

We now examplify the previous definition with the ribbon graph G of figure 3. The 
set of crosses is X = [1, 12] fl Z. Using the cyclic representation, the three permutations 
defining this graph are: 

a =(1, 3) (4, 2)(6, 9, 11, 8)(5, 7, 12, 10), (1.4a) 
9 =(1,2)(3,4)(5,6)(7,8)(9, 10)(11,12), (1.4b) 
a, =(1,5)(2,6)(3,8)(4,7)(9)(10)(11)(12). (1.4c) 

As noticed above, the set X is partitioned into pairs which are the orbits of 9. Those 




Figure 3: A ribbon graph G with flags 



pairs which are fixed by o\ are called flags: 

F(G)={{9,10},{11,12}}. (1.5) 
The half-edges of G are the orbits of 9 which are not fixed by o\. 

H(G) ={{1,2}, {3, 4}, {5, 6}, {7, 8}} (1.6) 

and the edges of G are thus 

£(G)={{1,2,5,6},{3,4,7,8}}. (1.7) 

Finally, G has two vertices: 

Vl = {(1, 3), (2, 4)} , v 2 = {(6, 9, 11, 8), (5, 7, 12, 10)} . (1.8) 

Remark. A ribbon graph without flag is represented by three permutations a , 9 and o~\ 
obeying definition 1.2 with, in addition, U\ fixed-point free. 

Definition 1.3 (Subgraphs). Let G be a ribbon graph, possibly with flags. A subgraph 
of G consists in a graph, the edge-set of which is a subset of E(G) and the flag-set of 
which is a subset of F{G). A cutting subgraph of G is a graph the half -ribbon- set of which 
is a subset of HR{G). By convention, if the half-ribbon set of a cutting spanning subgraph 
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contains the two halfs of an edge, the subgraph contains this edge. The set of spanning 
(cutting) subgraph of G is S(G) (S(G)). 

Moreover if the edges and flags of G are labelled, the (cutting) subgraphs of G inherit 
the labels of G with the following convention: the two half- edges of a given edge of G share 
the same label in the cutting subgraphs of G. 

In contrast to a subgraph, a cutting subgraph may have flags coming both from the flags 
of G and from half-edges of G. Each edge of G is made of two half-edges. A subgraph 
contains, in particular, some of the edges of G whereas a cutting subgraph may contain 
a half-edge of an edge without taking the other half, see figure 4 for examples. 




(a) A subgraph of the graph of figure 1 (b) A cutting subgraph of the graph of figure 1 



Figure 4: Subgraphs 



1.3 Operations on edges 

From a ribbon graph with flags, we can define two other ribbon graphs with flags either 
by deleting an edge or by cutting it: 

Definition 1.4 (Operations on ribbon graphs with flags). Let G be a ribbon graph 
with flags and e G E{G) any of its edges. We define the two following operations: 

• the deletion of e, written G — e, 

• the cut of e, written Gve, which consists in replacing e by two flags attached at the 
former end-vertices (or end-vertex) of e, respecting the cyclic order at these (this) 
vertices (vertex). 

In the combinatorial map representation of a ribbon graph G, an edge e corresponds to 
a set of four crosses: e = {x±, x 2 , x 3 , x±} , V 1 ^ i ^ 4, xi G X{G). The graph G — e has 
X\e as set of crosses and the restriction of a , 9 and <7i to X\e as defining permutations. 

Let 4> be any member of the group generated by a , 9 and a±. For any subset E' C X, 
we let 4>e> be the following map: 

<^:={ ° n E '\ - (1.9) 

r [id on X \ E' =: E'. V ; 

The graph G v e is defined on the same crosses as G and given by o-q,9 and o~\x' where 
X' — X \ e. For example, considering the ribbon graph of figure 3, and if e = {1, 2, 5, 6}, 
G v e is the ribbon graph, with flags, of figure 5. 
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Figure 5: Cutting an edge 



1.4 Natural duality 

For ribbon graphs without flags, there is a well-known notion of duality, hereafter called 
natural duality, also known as Euler-Poincare duality. From a given ribbon graph G, it 
essentially consists in forming another ribbon graph G*, the vertices of which are the faces 
(or boundary components) of G and the faces of which are the vertices of G. The edges 
of G* are in bijection with those of G. 

Every ribbon graph can be drawn on a surface of minimal genus such that no two of 
its edges intersect. To build the dual G* of G, first draw G on such a surface. Then place 
a vertex into each face of G. Each such face is homeomorphic to a disk. Then draw an 
edge between two vertices of G* each time the corresponding faces of G are separated by 
an edge in G. 

At the combinatorial level, if G = (<7o,0,<7i), then G* = (ao0ai,ai,9), the cycles 
of <7 O 0<7i representing the faces of G. If G has flags, we define its natural dual G* by 
{°'oQHx 'ii (T iHx^Fxi^Hx a iFx)i see figure 6 for an example. 




Figure 6: The natural dual of the graph of figure 5 
1.5 Partial duality 

S. Chmutov introduced a new "generalised duality" for ribbon graphs which generalises 
the usual notion of duality (see [7]). In [17], I. Moffatt renamed this new duality as "par- 
tial duality". We adopt this designation here. We now describe the construction of a 
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partial dual graph and give a few properties of the partial duality. 



Let G be a ribbon graph and E' C E{G). Let Fe> '■= G v E' c be the spanning subgraph 
with flags of G, the edge-set of which is E' and the flag-set of which is made of the cut 
edges in E' c = E(G) \ E'. We will construct the dual G E of G with respect to the edge- 
set E' . The general idea is the following. We consider the spanning subgraph with flags 
Fe'- Then we build its natural dual F E ,. Finally we reglue the edges previously cut in E' c . 

More precisely, at the level of the combinatorial maps, the construction of the partial 
dual G E of G goes as follows: 



G = (a , 6, <7i) 



cut 



partial duality 



G — (<J 9 E >(7i E /, (Jie'Oe'c, TlE'^E') 



glue 



Fe< = (cro,9,a lE >) 



natural duality 



Fe> 



(cqOe'Tie', <tie'9e ,c , Oe' 



Figure 7 shows an example of the construction of a partial dual. The direct ribbon graph 
is drawn on figure 7a. We choose E' = {{3, 4, 7, 8}} and the subgraph F E > is depicted on 
figure 7b. Its natural dual F E , is on figure 7c. Finally the partial dual G E ' of G is shown 
on figure 7d. 

S. Chmutov proved among other things the following basic properties of the partial 
duality: 

Lemma 1.1 ([7]) For any ribbon graph G and any subset of edges E' C E(G), we have 
. (G E ') E> = G, 

• G E ^ = G* and 

• ifei E', then G E ' U ^ = (G E ')^\ 

His proof relies on graphical and commonsensical arguments. Here we would like to point 
out that the combinatorial map point of view allows very direct algebraic proofs. 

For example, an interesting exercise consists in checking that the partial duality is an 
involution, namely that (G E ') E ' = G: 

(G ) — (o-o9e>o~ie'(o~ie'9e' c )e'(o~ie ,c Oe')e', (o~ie' c 9e')e'(o~ie'9e> c )e' c , (o~ie ic 0e')e' c (o~ie'9e' c )e>) — 

(<7 ,6>,<7i). 

We can also prove that for any subset E' C E(G) and any e G E' c , (G E ')^ = G E ' U ^ . 
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(a) A ribbon graph G 



(b) The subgraph F E , with E 1 = {{3,4, 7,8}} 




Proof. We define E" := E' U {e}. 

( cr 0^E" cr li?"; 0~\E"@E" c i (?1E" C @E") ( 1 . 10) 

O~0@E'C r lE'(o'lE'@E' c )e(o'lE' c 0E')e = <J§Q E'®\E'Q e®\e = O r 0#E"C r l£" (l-H) 

(o-i E /c9 E r) e (cr 1E '9 E ic) e c = o- le cri E i9 E ic\{ e } = a 1E n9 E nc (1-12) 

(o'i E >c9 E /) e c(a 1E '9 E ic) e = or 1E >c\{ e y9 E >9 e = a 1E >/ c 9 E i> (1-13) 

□ 

The partial duality allows an interesting and fruitful definition of the contraction of 
an edge: 

Definition 1.1 (Contraction of an edge [7]). 

Let G be a ribbon graph and e G E{G) any of its edges. We define the contraction of e 
by: 

G/e :=G {e} - e. (1.14) 

From the definition of the partial duality, one easily checks that, for an edge incident with 
two different vertices, the definition 1.1 coincides with the usual intuitive contraction of 
an edge. The contraction of a loop depends on its orientability, see figures 8 and 9. 

Different definitions of the contraction of a loop have been used in the litterature. One 
can define G/e := G — e. In [12], S. Huggett and I. Moffatt give a definition which leads to 
surfaces which are not ribbon graphs anymore. The definition 1.1 maintains the duality 
between contraction and deletion. 



G E " = 
a ((G E ')W) = 
9((G E ')^) = 
a 1 ((G E ')^) = 
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A ribbon graph G with 
an orientable loop e 




G/e = - e 
Figure 8: Contraction of an orientable loop 




G/e = G^ - e 
Figure 9: Contraction of a non-orientable loop 
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2 Bijections between classes of subgraphs 



This section consists in a mathematical preliminary to the study of the HU polynomial, 
introduced in section 4. This ribbon graph invariant is a key ingredient of the parametric 
representation of the Grosse-Wulkenhaar model amplitudes. 

Let G be a ribbon graph. For any E' C E(G), there is a natural bijection between 
E(G) and E(G E '). This leads to a bijection between the spanning subgraphs of G and 
those of G E ' . In particular, it is true for E' = {e} with e G E(G). Representing a bijective 
map by the following symbol we have: 

s : S(G) ^ S(G {e} ), |S(G)| = |S(G {e} )| = 2^. (2.1) 

The map s extends trivially on ribbon graphs with flags. In the following, we will be 
interested in maps betweens different classes of subgraphs. We are going to generalize s 
to odd and even (cutting) (colored) subgraphs. A special case of these bijections will be 
used in section 6.1 to prove the factorization of the polynomial HU(G; t, 1). 

2.1 Subgraphs of fixed parity 

Definition 2.1 (Odd and even graphs). A (ribbon) graph (with flags) is said of fixed 
parity if all the degrees of its vertices have the same parity. It is odd (resp. even) if all its 
vertices are of odd (resp. even) degrees. Given a ribbon graph G, with or without flags, we 
denote by Odd(G) (resp. Even(G)) the set of odd (resp. even) spanning subgraphs of G. 

We would like to know if the bijection s of equation (2.1) preserves the subclasses of odd 
(even) subgraphs. It is easy to see that it is not the the following example shows. 

Let us consider the ribbon graph G made of two vertices and two edges between 
those two vertices. G is sometimes called a (planar) 2-banana, see figure 10a. We have 




(a) G = a 2-banana (b) = a non-planar 8 



Figure 10: Partial duals 
Odd(G) = {{1},{2}}, Even(G) = {0,{1,2}} whereas Odd(G^>) = and Even^ 1 }) = 
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{0, {1} , {2} , {1, 2}}. This means that there exist graphs and edges such that s does not 
preserve the classes of odd and even subgraphs. Note however that there may be graphs 
G and/or subsets E' C E(G) such that the natural bijection between subgraphs of G 
and G E let the classes Odd and Even invariant. This is trivially the case for self-dual 
graphs G and E' = E(G). Classifying the graphs and subsets of edges such that s let 
some classes of subgraphs invariant clearly deserves further study. Nevertheless, here, we 
will restrict ourselves to bijections valid for any G and any e G E(G). 

2.2 Colored subgraphs 

Going back to the example of figure 10, we have |Even(G)| = 2 and |Even(G^>)| = 4 
but 2^ G )|Even(G9| = 2^ G<1} )|Even(G'«)| = 2 3 . For any graph g, 2°<*) i s the number of 
colorings of V(g) with two colors. This means that there exists a bijection between the 
colored even subgraphs of G and G^\ This is actually true for any ribbon graph with 
flags and any edge. 

Remark. This is clearly not the case for the odd subgraphs, as shows the example of the 
2-banana. Note also that, in general, there is no bijection between the colored subgraphs 
of a graph G and of its partial duals G^ e \ the number of vertices of G and G^ being 
usually different. 

Definition 2.2 (Colored graphs). A colored (ribbon) graph G is a (ribbon) graph and 
a subset C{G) ofV{G). The set of colored odd (resp. even) subgraphs of G is denoted by 
Odd(G) (resp. Eyen(G) ). 

Lemma 2.1 Let G be a ribbon graph with flags. For any edge e G E{G), there is a 
bijection between Even (G) and Even fG^). 

Proof. 

Even(G) = {B C E(G) : F B is even} (2.2) 

= {£' C E(G) \ [e] : F B , is even} U {£' C E(G) \ {e} : F B , u{e} is even} (2.3) 

U {Be {B', B' U {e}} : F B is even} (2.4) 

B'cE(G)\{e} 

=: |J Even B , (G). (2.5) 

B'cE(G)\{e} 

For any B',B" C E(G) \ {e} , Even B ,(G) fl Even B » (G) = 0. Moreover Even B /(G) may 
have a cardinality of 0, 1 or 2. We now prove that \/B' C E(G) \ {e} , |Eyen B ,(G')| = 
| Even B /((j^ e ^)|, which would prove lemma 2.1. 

We distinguish between two cases: either e is a loop (in G) or it is not. 

1. e is a loop: let v be the endvertex of e. It may be represented as in figure 11a. 

• p and q have the same parity: v is even in F B with or without e, then 
|EvenB/(G)| = 2 and |Eyen B ,(G)| =2x2. If p and q are odd, F B is even 
in G^ iff e G B, see figure lib. On the contrary, if p and q are even, F B is 
even in G^ iff e £ B. Then |Eyen B ,(G^)| = 1 x 2 2 . 
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(a) The vertex v in F B (b) The corresponding situation in F^ {e} 

Figure 11: Bijection in case of a loop 

• p and q have different parities: |Even B ,(G)| = \ Even p ,(G^)\ = 0. 

2. e is not a loop: using G = (G^)^, this is the same situation as in the preceding 
case with G replaced by G^. □ 

2.3 Cutting subgraphs 

Both from a mathematical and physical point of view, it is quite natural to consider not 
only spanning subgraphs but also spanning cutting subgraphs of a ribbon graph G. For 
any e G E(G), |S(G)| = |S(G< e >)| = 2 HR ^ = 2 F ^ +2E{ - G \ Thus there exists a (natural) 
bijection between those two sets. What about the odd (resp. even) cutting subgraphs? 

Definition 2.3. Let G be a ribbon graph with flags. We denote by Odd(G) (resp. Even(G) ) 
the set of odd (resp. even) spanning cutting subgraphs ofG. 

It is easy to check that there is no bijection between Odd(G) (resp. Even(G)) and 
Odd(G^ e J') (resp. Even(G^ e J')). For example, let us consider once more the graphs of 
figure 10. We have |Odd(G)| = |Even(G)| = 4 whereas |Odd(G {1} )| = |Even(G^>)| = 8. 

2.4 Colored cutting subgraphs 

Definition 2.4. Let G be a ribbon graph with flags. The set of colored cutting spanning 
subgraphs of G is S(G). The set of odd (resp. even) colored cutting spanning subgraphs of 
G is denoted by Qdd (G) (resp. Even (G) / 

As in the case of colored subgraphs, there is generally no bijection between S(G) and 
S(G^ e ^), because v(G) ^ v(G^) usually. Nevertheless we have 

Lemma 2.2 Let G be a ribbon graph with flags. For any e € E(G), there is a bijection 
Xg^ between Odd (G) (resp. Even (GO j and 0dd (G^ 6 ^) (resp. Even (G^)). 
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Proof. Let us denote by ~e and *e the two half-edges of e. Let us define (e) := |"e, e'j. 

Recall that, by convention (see definition 1.3), when both halves of an edge e appear in a 
subset H C HR(G), it means that e e E(F H ). 

Odd(G) = C HR(G) : F H is odd} (2.6) 
|J {AC (e) : F HUA is odd} (2.7) 

H'cHR(G)\(e) 

=: |J Odd^(G). (2.8) 

H'cHR(G)\{e) 

We define Even#/(Cr) the same way. We prove that Odd jpfG) and Odd H ,(G^) have the 
same cardinality for any H' C HR(G) \ (e). We let the case of even subgraphs to the 
reader. 

Using once more G = (G^)^, it is enough to prove it in the case e is a loop in 
G. The situation is thus again the one of figure 11, where now figure 11a represents the 
endvertex of e in F H r U Au{ e }- 

• If p and q have the same parity, in order Fh'ua to be odd, A contains one of the 
two half-edges of e: e is a flag in Fh'ua- Thus | Odd g /(C)| =2x2. If p and q are 
odd, Fh'ua is odd in G^ iff A = 0, see figure lib. On the contrary, if p and q are 
even, F HlyjA is odd in G& iff A = |e, e j. Then |Odd H ,(G^ e >)| = 1 x 2 2 . 

• If p and q have different parities: Fh'ua is odd iffA = 0or | e , e j which implies 

| Odd g /(GQ| = 2x2. Let us say that p is odd and q even. There is only one 
possibility for A such that Fh'ua is odd. Namely A should only contain the half- 
edge of e which is hooked to the vertex incident with the other q half-ribbons. Thus 
\OAd H ,(G^)\ = 1 x 2 2 . ' □ 

We have proven the existence of a bijection between Odd (G) (resp. Even (GQ) and Odd fG^) 
(resp. Eyen(G'^ e J')). To exhibit such a bijection, one would need to choose a convention 
for the coloring of the vertices v\ and i>2, see figure 11, depending on the color of v and 
on the fact that e belongs or not to A, as an edge or as a flag. 

Properties of Xg? Here we precise the bijection Xg* °f lemma 2.2. This will be useful 
in section 6. 

Definition 2.5 (Partitions by flags). For any ribbon graph G with flags, the set Odd(G) 
(resp. Even(G) y ) can be partitioned into subsets of cutting subgraphs labelled by their flag- 
set. For all F' C F(G) U E(G), we write Odd(G) F F' (resp. Even(G') F F' ) the set of 
all odd (resp. even) spanning cutting subgraphs of G with flag-set F' . 

For any F', F" C F(G) U E(G), we obviously have (Odd(G) F F') n (Odd(G) F F") = 0. 
Moreover, 

Odd(G) = |J Odd(G) f F'. (2.9) 

F'CF(G)UB(G) 
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These definitions of partitions and subsets of Odd(G) can be applied, mutatis mutandis, 
to Odd(g), Even(G) and Even (G). 

Let F' C HR(G) and F' e be the set F' U {e} if e £ F' and F \ {e} if e G F. Then, 
just by looking at the proof of lemma 2.2, one sees that Xg? is a one-to-one map between 
Odd(G) F F' (resp. Eyen(G) r F') and Odd(G) F (resp. Eyen(G) F F'). 

3 A new topological graph polynomial 

Graph polynomials are graph invariants which encode part of the information contained 
in the graph structure. These polynomials allow an algebraic study of graphs, which is 
usually easier than a direct approach. 

Recently, B. Bollobas and O. Riordan [4] defined such a polynomial invariant for rib- 
bon graphs. Here we introduce a generalization of their polynomial, defined for ribbon 
graphs with flags or external legs. It turns out that a certain evaluation of this new topo- 
logical graph invariant Q enters the parametric representation of the Feynman amplitudes 
of the Grosse-Wulkenhaar model. 

In the following, we will denote by bold letters, sets of variables attached to edges or 
vertices of a graph. For example, given a (ribbon) graph G, x := {x e } e( zE(G)- Moreover, 
for any A C E(G), we use the following short notation: x A := ILeA 2 ^- 

Definition 3.1 (The Q polynomial). Let G be a ribbon graph with flags. We define 
the following polynomial: 

Q G (x,y,z,w,r):= £ £ x ^ y ^ z ^ w ^ r v ^\ (3.1) 

AcE(G) BcE(G A ) 

where we implicitely use the canonical bisection between E[G) and E(G A ), and r v( - FB ^ := 

V(F B ) r dcg(*))- 

3.1 Basic properties 

Proposition 3.1 Qg is multiplicative over disjoint unions and obeys the scaling relations 

Q G (\x, \y, \fi- 2 z, A/i- V n-r) = A^ G V |F(G)I Qg(x, y, z, w, r) (3.2) 

where \E(G)\ is the number of edges of G, \F{G)\ its number of flags and ji • r is the 
sequence (/i"r n )„ eN . 

The proof of this proposition is obvious. 

In contrast with the Tutte or the Bollobas- Riordan polynomial, Q satisfies a four-term 
reduction relation. This relation generalizes the usual contraction/deletion relation and 
reflects the two natural operations (see definition 1.4) one can make on a ribbon graph 
with flags and on any of its partial dual. 
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Lemma 3.2 (Reduction relation) Let G be a ribbon graph with flags and e any of its 

edges. Then, 

Q G {x, y, z, w, r) =x e Q G . e {x e , y e , z e , w e , r) + y e Q G ^ e {x e , y e , z e , w e , r) 

+ z e Q G e ye {x e , y e , z e , w e , r) + w e Q Gye {x e , y e , z e , w e , r), 

where, for any a G {x,y,z,w} and any e G E{G), a e := {a>e'} e i e E(G)\{e}- 

Proof. Let e be any edge of G. Refering to the definition (3.f) of Q, we distinguish 
between four cases, whether e belongs to A or not, to B or not: 

Q G (x, y, z, w, r) =x e P 1 (x e , y e , z e , w e , r) + y e P 2 (x e , y e , z e , w e , r) 

+ z e P 3 (x e , y e , z e , w e , r) + w e P A (x\ y e , z e , w e , r). 

The polynomial Pi corresponds to the case e ^ A and e ^ B. There is a canonical 
bijection ip_ (resp. </?*) between E(G) \ {e} and E(G - e) (resp. between E(G A ) and 
F((G - ey-^)). For any A C F(G) and any B C E(G A ), we have 

A c ={ V _{A)) C U {e}, B c =(^_(B)) C U {e} (3.5a) 

z AnB =z v-(A)n^_(B) w A-nB =w (^(A)rn^_(B) _ ( 35c ) 

Let us now check that r y ( Fs ) = r y ^-( s >\ The left hand side of this equation encodes 
the degree sequence of Fb C G" 4 . But as B does not contain e, Fb can be considered as 
a subgraph of G A — e = (G — e) v ~( A ) and Fb is then isomorphic to F v *_(b)- Their degree 
sequences are thus equal to each other. We have 

x e P 1 (x e ,y e ,z e ,w e ,r) = ]T ]T x ^ y AnB^AnB w A^B r v(F B ) (3 g) 

Ac£(G)\{e} BcE(G' 4 )\{e} 
=Xe x ^-{A)) c ^_{B)r y <p-{A)^_{B)) c 
AcE(G)\{e} BcE(G A )\{e} 

z <p- (A)n V *_ (B) W { V - (A))<=rvi (B) r V(F v *_ (s) ) ^ ^ 

=x - Yl J2 x ACnBC y AnBC z AnB w ACnB r v ^ (3.8) 

AcE(G-e) BcE((G~e) A ) 

=x e Q G _ e (x,y,z,w,r). (3.9) 

As we have seen, the difficulty only resides in the proof of the conservation of the 
r-part. Thus, for the three other cases, we only focus on that. The polynomial P2 
corresponds to the case e G A and e ^ B. Let (p + denote the canonical bijection between 
{A C E(G) : e G A} and E(G/e). As F does not contain e, Fb can also be considered as 
a subgraph of G A - e = (G e - e) A ^ e > = (G/e)^ A \ This proves that P 2 = Q G e_ e . 

The polynomial F 4 corresponds to the case e ^ A and e G B. As e A, G A — e = 
(G — e) A and the vertex sets V{G A ) and \^(G A — e) are the same. But as B contains e, 
erasing this edge would produce a different degree sequence for F^* (b). So, we have to 
keep track of the contribution of e to the degree sequence of Fb by cutting it instead of 
deleting it: F 4 = Q Gye - 
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Finally the polynomial P3 corresponds to the case e £ A and e G B. Such sets A 
are in one-to-one correspondence with the subsets of E{G e — e). The vertex sets V{G A ) 
and V((G e — e)" 4 ^ 6 ^) are the same but once more, as e G 5, we can't delete e but cut it 
instead: P 3 = Qc e ve- D 

Lemma 3.2 allows to give an alternative definition of the Q polynomial: 
Definition 3.2. Let G be a ribbon graph with flags and e any of its edges, 



Q G (x, y, z, w, r) =x e Q G „ e (x e , y e , z e , w e , r) + y e Q G --e(x e , y e , z e , w e , r) 

+ z e Q G e Ve (x e , y e , z e , w e , r) + w e Q GVe (x e , y e , z e , w e , r). 

Otherwise G consists of isolated vertices with flags and 



(3.10) 



Q G (x,y,z,w,r) = JJ r dcg(v) . (3.11) 

It is remarkable that equations (3.10) and (3.11) lead to a well defined polynomial in the 
sense that it is independent of the order in which the edges are chosen. The proof of 
the existence of such a polynomial consists essentially in the proof of lemma 3.2. The 
polynomial which results of this recursive process is the Q polynomial of definition 3.1. 
The uniqueness of the result is obvious since if e G E(G) then Qc is uniquely determined 
by Qc-e, Qce-e, Qcve and Q G ^ e [3]. 

3.2 Relationship with other polynomials 

• The Bollobas-Riordan polynomial: if we set z = w = and x — 1 for all edges and 
r n = r (independent of n), we recover the multivariate Bollobas-Riordan polynomial 
at q — 1, in its multivariate formulation (see [16]) 

Gr(l,I/,0,0,r)= £ (Y[y e )r v ^ (3.12) 

AcE(G) e&A 

where v{G A ) is the number of vertices of G A ie the number of connected components 
of the boundary of F4. Note that the evaluation y = w = 0, x = 1 and r n = r gives 
the same result. 

• The dimer model : if we set y = z = 0, x = 1 and r n = except r\ = 1, then we 
recover, for a graph without flags, the partition function of the dimer model on this 
graph 

Q r (l,0,0, W ,r)= £ (IK)' ( 3 ' 13 ) 

CCE(G) eeC 

dimer configuration 

with w e = e l3£e the Boltzmann weight. Here, each vertex contains a monomer that 
can form a dimer with an adjacent monomer, if the edge e supports a dimer then its 
energy is — e e . A dimer configuration (also known as a perfect matching in graph 
theory) is obtained when each monomer belongs to exactly one dimer. In the recent 
years, the dimer model has proven to be of great mathematical interest (see [14] for 
a recent review). 
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• The Ising model: for y = z = 0, x e = cosh(/3J e ), w e = sinh(/3J e ), r 2n = 2 and 
^2«+i = 0, we recover the partition function of the Ising model. Recall that the 
latter is obtained by assigning spins a v G { — 1, +1} to each vertex with an interaction 
along the edges encoded by the Hamiltonian 

H ^) = - Y J^Wv', (3.14) 

e=(v,v')eE 

with J e an edge dependent coupling constant. The partition function is the sum 
over all spins configurations of the Boltzmann weight 

Z lsine = J2^ H - (3-15) 

cr 

Using the identity 

efUewj = cos h(/3J e ) + a v a v , S mh(/3J e ) (3.16) 

for each edge, we can perform the high temperature expansion of the partition 
function 

= Y I Yl ( II ™sh((3J e )) ( J] sinh^Je)^^) i (3.17) 

cr [ccE e<£C eeC J 

Then, the sum over all spins vanishes unless each vertex is matched by a even 
number of edges in C, so that 

Z lsing = Q G (x, 0,0, w,r) (3.18) 

with the specified value of x, w and r. Note that the extra power of 2 arising from 
the sum over spins corresponds to r 2n = 2. 

3.3 Partial duality of Q 

One of the most interesting properties of the Q polynomial is that it transforms nicely 
under partial duality. 

Theorem 3.3 (Partial duality) Let G be a ribbon graph with flags and e e E{G) be 
any edge of G. We have 

Q G{e} (x, y, z, w, r) = Q G (x E \ {e} y {e} , x {e} y E \ {e} ,z E \ {e} w {e} , z {e} w E \ {e} , r). (3.19) 

Proof. Each monomial of Q is labelled by two sets of edges A C E(G) and B C E(G A ): 

Q G (x, y, z, w, r) =: M (A>B) (G; x, y, z, w, r) (3.20) 

A,B 

=■ Y M (AB)(G; x, y)U [A ,B){G; z, w)r v ^\ (3.21) 

A,B 
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For any e G E(G), let <p e be the following map: 

e : |J A x E(G A ) — >■ |J Ax£((G {e y) (3.22) 

Ac-B(G) A'cE(G( e >) 

(A,S)^(^A{e},S). 

e is clearly a bijection for any edge e. Note that (G^)" 4 ^ 6 ^ = G A which implies 
(with a slight abuse of notation) that, for any F E C r y ( Ffl ) = r^^w) where 
F MB ) C Let x*{ e > be x E \ {e} y {e} , y** e > be a; {e} 7/ EUe} , 2* {e} be z B \ {e} io {e} and 

iu*^ 6 ^ be 2{ e }ii> E \{ e }. To prove the theorem, we prove that M^a,b)){G^; x, y, z, w, r) = 
M {AB )(G;x^ e \y^ e \z^ e \w^ e \r). 

„ a r M U {e} if e <^ A 

A : = AA{e] =\A\U ifeL: (3 - 23) 

^ = ^A{e} = ( AC \ {e} if6 ^' (3.24) 
1 1 [AU{e} if e G A K J 

If e G 5, £ c nA = B c ri74 and B c r)A fc = B c nA c . Thus, in this case, M M{A ,B))(G {e} ; x, y) 
is obviously equal to M.(a,b)(G; x*^ e \ y*^). So let us focus on the terms involving z and 
w. 

BnA' = l {BnA)u{e} ifeefinAC ' f3 25) 

\(BnA)\{e} XeeBHA. 

B nrj' fln# »\W i,e£Bni ' (3.26) 

|(BnA c )U{e} if eG fin A v 1 

Then we have 



(3.27) 



Af {A , B) (G^;z,w,r) =z BnA 'w BnA ' c 

z (BnA)U{e} w (BnAc)\{e} \f e £ B C\ A, 

z (Bn^)\{e} w (BnA=)u{e} if e G £> fl A 
=AT (AB) (G;^,^,r). 
If e ^ 5, we use exactly the same argument with J\f replaced by Ai, z by y and w by x.D 
Corollary 3.4 For any ribbon graph G with flags and any subset E' C E{G), we have 

Q g e> (x, y, z, w, r) =Qg(x E \e'Ve'i XE>y E \ E >,z E \ E >w E <, z E >w E \ E ,, r) (3.28) 
Proof. It relies on: 

1. foranyeGfi', G E ' = (G £ '\M) {e} , 

2. a repeated use of theorem 3.3. □ 
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4 Feynman amplitudes of the Grosse-Wulkenhaar model 
4.1 The action functional 

The Grosse-Wulkenhaar model is defined by the action functional 

S[<f>] = S [<f>]+S int [<f>], (4.1) 
where is a real valued function on Euclidean space R D . The free part of the action is 

W] = \J d D x<f)(x)(- A + fi 2 ! 2 )^), (4.2) 

where A is the Laplacian on Euclidean space R D and f2 = (with fi, > 0) the frequency 
of the corresponding harmonic oscillator. In a system of units such that K = c = 1, the 
only remaining dimension is length and Q is dimensionless. 
Its kernel K,^(x,y) defined by 

J d D z 5 D (x - Z )(-A z + U 2 z 2 ) JC n (z, y) =5 D (x-y), (4.3) 

with 5 D the Dirac distribution on 1H D , is the Mehler kernel 

(~ \ D/2 ^ ~ 
— J / D/ exp -- { (g - yf coth f2a + (x + y) 2 tanh f2a } . 

271 J Jo [sinh2fia] 1 4 1 J 

(4.4) 

To avoid ultraviolet divergences, we introduce a cut-off as a lower bound on the integral 
over a, 



— 1 / — — frjTT exp — — \ (x — y) 2 cothfia + (x + y) 2 tanhf2a L (4.5) 

v 27r / A/A2 [ S inh2fia] 7 4 1 J 

Since this paper is not concerned with the limit A — > oo, we will always self-understand 
that the integration over a ranges over [^2,00] . Later on, it will also prove convenient 
to introduce t = tanh(fia) as well as the short and long variables 

u = ~^ x ~ y "> and v = ^( x + y)' ( 4 - 6 ) 



so that the propagator reads 

V2 

l-t 



D 1 - - ■ - D ' 2 1 1 n 



da 

1/A 2 



2t 

The interaction term is derived form the Moyal product 



exp-^tju 2 + Qtv 2 } . (4.7) 



f*9(x)= ^ J d D yd D zf(x + y)f(x + z)e^y e - lz , (4.8) 
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with a real, non degenerate, antisymmetric D x D matrix, with D even. In the sequel, 
we assume a that = 9 J, with 9 > and J the antisymmetric D x D block diagonal 

matrix made of 2 x 2 blocks ( ^ J J . We define the interaction term as 



n>l 



SinM = J2 - / dPx<T(x), (4.9) 



where g n G R are coupling constants. In the sequel, it will be necessary to express 
explicitely the Moyal interaction as a functional of the fields 

Sint[0] = ^ — / ^i • • • cp£ n V n (xi, . . . , • • • (4.10) 

77/ / 



n>l 



V n (xi, • • • ,x n ) is a distibution on (R ) n , invariant under cyclic permutations, 

Xlj "^2; • • • ; X n 

) = V n (a; ). (4.11) 

In the commutative limit 9 — > 0, it reduces to a product of Dirac distributions 

limV„(xi, ...,x n ) = Y\_6(xi- Xj), (4.12) 
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which is invariant under all permutations of {1,2,..., n}. 

Turning back to the noncommutative case 9 ^ 0, in lower degree we have Vi(xi) = 1 
and V2(xi,x 2 ) = S D (x 1 — x 2 ). The first interesting interaction is V3 

V 3 (xi,X2,x 3 ) = exp ~j[ x i ■ J%2 + x 2 • Jx 3 + x 3 ■ Jxij. (4.13) 

The last expression of V3 is very convenient since we can associate to it a triangle with 
vertices x±, x 2 and x 3 drawn in cyclic order around its boundary, oriented counterclock- 
wise. In the sequel, it will be convenient to express higher order vertices using triangles 
glued together in a tree-like manner. 

Proposition 4.1 Let T be a plane tree (i.e. a connected acyclic graph embedded in the 
plane) with all its inner vertices of degree 3 and its edges labelled using the index set I 
and let ii, . . . ,i n be the cyclically ordered labels of some of the edges attached to the leaves 
(terminal vertices), in counterclockwise order around the tree. Then, 

r yj d tt exp ~%{ Xiv ' Jxjv + Xjv ' Jxkv + Xkv ' Jxiv } 

V n (xj 1 , . . . , Xi n ) — J d Xi |^ (ji9~yD ' 

l£l-{ll,-,l„} verticesofT 



(4.14) 

with i v ,j v ,k v the labels of the cyclically ordered edges incident to v. 



Otherwise the amplitude cannot be written as (4.25) and the hyperbolic polynomial are not defined. 
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Z3 




Figure 12: A heptagonal Moyal vertex 



Proof. Let us prove this result by induction on the number of inner vertices of T. If T has 
a single inner vertex, then the equality for n = 3 is trivial whereas for n — 1, 2 it results 
from the identity 

J d D yexp-f{y.Jz} = 6 D (z). (4.15) 

Next, we suppose the result valid for all trees of order less than m and consider a tree 
T of order m + 1. Cut an inner edge in T with label i , which splits T into T' and T" . 
Without loss of generality, let us assume that ii, . . . ,i n ',io are the labels of the leaves of 
T'. Then, we separate the vertices of T into vertices of T' and T" and use the induction 
assumption for T' and T", 



n ^ n 

L ' ' J vertices of T 



J d Xi Q V n '+l(Xj 1 , . . . , Xi^, , Xj ) Vn-n'+l (Xi , Xi n , +1 , • • • , %i n )- (4.16) 



To conclude, we need the following lemma. 
Lemma 4.2 TTie vertices of Moyal interaction obey 



/^V„, +1 (, il ,...,, v , !/ )V„-„, +1 ( !/ ,x j „, + „..., Ij J = V„(x,„..., I , 



(4.17) 



/or any integer \ <n' <n — \ . 
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Proof of the lemma. 

d D y V n '+i (x h x in , , y) V n - n '+i (y, x in , +1 ,...,x in ) = 
J d D y d D y ' 5 D (y- y') V n > +1 (x h x in , , y) V n - n > +l (y', x in , +i , . . . , x in ) = 

/dPk 
-j—^d D yd D y' V n > +1 (x h , . . . , x in „ y)e k {y) V n - n > +1 (y', x in , +1 , . . . , x in )e_ k {y') (4.18) 

with ek(x) = expikx. Smearing out with functions fh, ■ ■ ■ , fi n , we thus have 
J d D y d D x il ■ ■ ■ d D Xi n V„'+i(xj 1 , . . . , Xi n ,,y) V n - n > + i(y, Xi n , +1 , • • • , x i„)fh( x ii) ■ ■ ■ fi„( x i„) 
J J d D xf h -k----k f in ,*e k (x) J d D x'f inf+i -k----k f in -ke„ k (x) = 

J f d D xf il -k----kf lnf (x)e k (x) J d D x'f in , +l *---*f in {x')e- k {x') = 

J d D x f h ★ • • • * f in , (x) fi n , +l ★ • • • ★ f in (x) = 
J d D xf h -k----k f in , ★ f in , +i ★ • • • ★ f in (x) 
J d Xi x ■ ■ ■ d Xi n V n (x^ , . . . , x i n ) fi x {xi x ) • • • fi n ( x i n ) 

(4.19) 

where we have repeatedly used 

/ d D xf*g(x) = [ d D xf(x)g(x). (4.20) 
J J n 

The lemma ends the proof of (4.14). □ 

In what follows, we always assume that such a tree has been chosen for every vertex, all 
choices leading to the same distribution V„. Moreover, since V3 is conveniently represented 
as a triangle, we represent the contribution of each vertex of T as a triangle whose vertices 
are called corners, see figure 12 for an example. 

4.2 Parametric representation and the hyperbolic polynomials 

Formal perturbative quantum field theory can be compactly formulated within the back- 
ground field method. In this approach, the main object is the background field effective 
action defined by the expansion over Feynman graphs (we normalize the path integral in 
such a way that it takes the value 1 when all the coupling constants vanish) 

- log J [V X \ exp - {Solx] + S hlt [<P + X ]} = 

E ( s^rm I II A G ( Xl ,...,x fiG) ) J] ct>{ Xi ). (4.21) 

G connected ribbon graph J Ki<f(G) Ki<f(G) 
with /(G) flags Jy ' J V ' 



24 



Since the interaction vertices are invariant under cyclic permutations (see (4.11)), the sum 
runs over all ribbon graphs. The graph also have f(G) flags, which are half-lines that 
carry the labels of the field insertions <f>(xi) ■ ■ ■ (f>(xf^). Sq is the symmetry factor of 
the graph (cardinality of the automorphism group of the graph, leaving the flags fixed), 
(—g) V ^ — Tlvev(G)(~ 9d v ), with d v the degree of v and Ac is the amplitude, to be defined 
below. 

In the sequel, it will prove convenient to allow edge dependent oscillator frequencies 
Q e , so that we recover the amplitude appearing in (4.21) by setting Q e = Q. 

Definition 4.1. Let G be a ribbon graph with flags and let us attach a variable Xi G K D 
to each flag of G and Q e > to each edge. The (generalized) amplitude of a ribbon graph 
with flags is the distribution defined as 




(4.22) 



where we integrate over variables G R associated to each half-edge of G, with the 
convention that for a flag we set y i — Xf without integrating over Xj. y% + ,y% the 
variables attached to the ends of e (the order does not matter since the Mehler kernel is 
symmetric) and y% vl , ■ ■ ■ , y% v d the variables attached in cyclic order around vertex v. 

In the commutative case 9 = 0, the vertex (4.12) enforces the identification of all the 
corners (internal and external) attached to the same vertex and is invariant under all 
permutations of the half-edges incoming to a vertex. Therefore, the amplitude is assigned 
to ordinary (i.e. non ribbon) graphs, with flags replaced by external vertices. 

Definition 4.2. Let G = (V,V ext ,E) be a graph with V ext C V the external vertices to 
which variables x v G M> D are assigned. Let us attach a variable y v G IR D to each vertex of 
G, with the convention that y v = x v for an external vertex. The (generalized) commutative 
amplitude of a graph with external vertices is defined as 

^mutative ^ x ^ = f JJ dPy^Kn.^y^), (4.23) 

J v&V-Ve X t edE 

with Q e the edge dependent frequency and v £t+ and v e _ the vertices e is attached. 
The commutative amplitude is recovered as a limiting case. 

Proposition 4.3 Let G be a ribbon graph with flags and let V ext (G) be the subset of ver- 
tices ofG carrying flags. Then, for the graph with external vertices G = (V(G), V ext {G),E{G)) 

^commutative J] |j] S(x v - X A = KmAo^Xf], (4.24) 

with G = (E(G),V(G),V ext (G)) and F V (G) the set of flags attached to v in G and 
( x v)ev ext (G) an d ( x f)f£F(G) independent variables. 

Proof. Note that in the commutative case we use oscillators of frequency Q e instead of 
^p. Then, proposition 4.3 follows immediately from (4.12). □ 
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Even in the general noncommutative case, the integral over all the corners is Gaufiian, 
thanks to peculiar form of the Mehler kernel (4.5) and of the Moyal vertex (4.14). There- 
fore, the amplitude can be expressed in parametric form as follows, as was first shown in 
[10]. 

Theorem/Definition 4.1 The generalized amplitude (4.25) of the Grosse-Wulkenhaar 
model for a ribbon graph G (which does not contain an isolated vertex with an even number 
of flags) with e(G) edges, v(G) vertices and f(G) flags carrying variables xi G M. D is 



A G (x) = J U e da e 



exp e\ Hu o (n,0 h (4 ' 25) 



(27r^) e ( G )+/( G )-^ G )HU G (^,t) 



where the first hyperbolic polynomial HU^fM) ^ s a polynomial in the edge variables Q e 
and t e = tanh 2 g" e and the second hyperbolic polynomial HVo(Q,i,x) is a linear combi- 
nation of the products xi -Xj and xi ■ Jxj, whose coefficients are polynomials in fl e and t e . 



Proof. The key idea is to write the amplitude (4.23) as a GauBian integral. To begin with, 
let us first derive a more systematic expression of Ac- First, we represent each vertex 
using a plane tree made of triangles, as in proposition 4.1. The corners of the triangles 
attached to the flags of G are the external corners while the other corners over which we 
integrate are called internal corners. The internal corners come in three types: related by 
an edge, common to two triangles or isolated. In this last case, the variable attached to 
the internal corner acts as a Lagrange multiplier, as in (4.15). Since all the triangles are 
oriented counterclockwise, we define an antisymmetric adjacency matrix ( between the 
corners (internal and external) by 



(4.26) 



Let us denote by C^ 1 (resp. C^ xt ) the set of internal (resp. external) corners attached to 
the vertex v and define the matrix a (resp. (3, 7) by restricting ( to the lines and columns 
in (resp. lines in and columns in C° xt , lines and columns in C^ xt ). Using (4.14), 
the contribution of the vertex v to Aq can be written as 



Cij 


1 


if there is a triangle edge oriented from i 


to j 


■ 


-1 


if there is a triangle edge oriented from j 


to i 


• = 





if there is no triangle edge between i and 


j- 



1 

exp 



, , ; , > a ij x i ' J%j + 2 fiij Vi- Jxj -\- 7^ x i ■ Jxj I , (4.27) 

with \T V \ the number of triangles used in the chosen tree-like representation of v. 

In order to define the short and long variables for all edges, we choose an arbitrary 
orientation on the edges of G and introduce the incidence matrix e between the edges and 
the internal corners 

= 1 if e arrives at i, 

= -1 if e leaves i, (4.28) 
= if e is not attached to i. 
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The long and short variables associated with the edge e are 

MJ2 e ^) and Ve = 7id e -M> 



(4.29) 



with Xi the variables attached to the corners. We enforce these relations by inserting 
^-functions with Lagrange multipliers A e and /z e in the definition of Ac 



d\ e 2/ 

^exp--<| A e - J 



and 



(n9) 
djj, e 



2i 



u, - 



7Tfc 



cxp 



v/2 



72 



\^ei\yi 



Gathering all the terms together, the expression of the amplitude reads 

= J Ile da 



jf* [ d N Xexp l-^XAX + i*XB + ^ 



(4.30) 



(4.31) 



(4.32) 



where 



X 



^ei ^ei Ae? l^ei Vi^j 



(4.33) 



is a variable in R N with N = Ae(G)D + \C int( - G ^\D. A is a symmetric N x N matrix 



/ diag(fi e /*e) <g> \ D 


?I e(G ) <g) J 











diag(f2 e t e ) ®l D 


lle(G) <§ 


) J 


-lI e (G) ® J 













-?I e(G) (g) J 







V 


"71* e ® J 


? It ,1 

v^ 1 e| 


® J ia® J 



with I M the identity M x M matrix. 5 e R N and CgjI are defined by 



B = 



(O, 0,0,0 ^ Pij Jx j) alld C = lij x i'J X 3- 



(4.34) 
(4.35) 



Finally, the normalization factor is 



2fl e (l - t e 2 ) 
6» x 2tt x 2t P 



U/2 



X 



( 7r ^)2e(G)D (7T0)inG)| 



D 



'") • 



(4.36) 



whose respective contributions are the normalization factors of the Mehler kernels (4.5), 
the S functions for the short and long variables, the contributions of the vertices (|T(G)| 
is the total number of triangles in the representation of all vertices of G) and the Jacobian 
of the change of variables to X. 

We are now in a position to perform the GauBian integration over X in (4.32), 



, (2tt)"/ 2 

uct e . X 

MVdetA 



d N Zexp ^_h BA -l B+ C 



(4.37) 
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where we assumed A to be invertible, as it should be the case by its construction. Alter- 
natively, one could have replaced A by A = AI/y with A large enough and show afterwards 
that the limit A — > is well defined. For simplicity, we do not do this here and will show, 
in proposition 5.5, that det A > provided G does not contain an isolated graph with an 
even number of flags. 

To simplify the normalization factor, let us first derive a topological relation between 
the number of triangles and internal corners of any representation of the vertices of G using 
triangles. In each case, the graph obtained by joining the center of adjacent triangles is a 
forest (i.e. a graph without cycles) with \T(G)\ vertices and v(G) connected components, 
so that there are |T(G)| — v(G) corners common to two triangles. Next, each triangle 
has 3 corners, which are either attached to flags or internal corners, with the internal 
corners common to two triangles counted twice. Accordingly, 3|T(G)| = |(7 int ^| +f(G) + 
(\T(G)\ -v(G)), so that 

2|T(G)| = |C int(G) | + f{G) - v(G). (4.38) 

Using this relation, we get 

( 2n ) D/2 _ (2TT9y c ( 'I m _ v{G)( eY { G )-e(G)-f(G) (A oq\ 

J\f " (27r^ e (G) (7^)211^)1121^)1 1 ' ' 1 ' 

To define HUc(f2,t) it is helpful to note that the matrix A can be written as 

A = D ®\ D + R®iJ, (4.40) 

with D diagonal and R antisymmetric. The matrix P~ 1 iJP with P the D x D block 

diagonal matrix made of 2 x 2 blocks f J is diagonal with blocks 

V^2 V2 J 
Therefore, 

det A = [ det(D + R)] D/2 x [ det(T - R)] D/2 = [ det(D + R)] ° (4.41) 
since det(T - R) = det t (D — R) — det(D + R). Thus, 

HU G (fi, t) = 2 V(G ^ [n e t e ] det(,D + R) (4.42) 
is a polynomial in t e (because of the multiplication by n e *e) an d in Q e and 



1 
-1 



\N/2 



NVdet A 



2 /(G) n e ^(i-t 



2^ 



(27T y _ . ., 



1 D/2 



(27r^) e ( G )+/( G )^( G )HU G (n,t) 



(4.43) 



which corresponds to the prefactor in (4.25). 

Finally, taking into account (4.42), we define the second hyperbolic polynomial as 

HV G (fi, t, x) = 2 V ^9 [U e t e ] det{D + R) ['BA^B + C] . (4.44) 

The only non trivial assertion to check is its polynomial dependence on t e . The latter 
follows from 

A' 1 = (D + R)- 1 ® (^f) + (T — R)- 1 ® (^) , (4.45) 

so that [rie*e] det (I? + R)A~ 1 is a matrix of polynomials in t e since [Ile^e] det (I? + 
R){D + R)~ l and \\\ e t e ] det(T - R)(T - R)' 1 are. ' □ 
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Remark. When expressed in term offl and t, both hyperbolic polynomials HU G (fi, t) and 
HVa(Q,t,x) do not depend on 9. This is the consequence of the use of the Mehler kernel 
}Cq in the kinetic term, with Q — However, there is an implicit 9 dependence in the 
relation between t and a. 



5 Hyperbolic polynomials as graph polynomials 

5.1 Reduction relation for the first hyperbolic polynomial 

In general, it is not very convenient to study the hyperbolic polynomials starting from 
the relations (4.42) and (4.44). It is preferable to compute the determinants by a series 
of successive reductions, instead of trying to manipulate them in one go. This leads to 
the following reduction relation. 

Theorem 5.1 The first hyperbolic polynomial H.XJ G , defined by (4.42) for any ribbon 
graph with flags, is multiplicative over disjoint unions, obeys the reduction relation 

HU G = t e HUc-e + t e Q 2 e HU GV e + ^ HU G e_ e + n e t 2 e HU^Ve (5.1) 

for any edge e. Furthermore, for the graph V n consisting of an isolated vertex with n flags, 
we have 

HU ^ = { if n is odd. (5 ' 2) 

Proof. Let us recall the defining relation (4.42) of the first hyperbolic polynomial as a 
determinant, 

HU G (ft,t) = 2"< G > [YlJe] det(D + R). (5.3) 

The multiplicativity follows readily from (4.42) since the adjacency and incidence matrices 
of a disjoint union are block diagonal. 

Although all the graphical operations appearing in the reduction relations can be 
performed on the lines and columns of D + R, it is much more economical to derive them 
using technics from Grassmannian calculus (see for instance [1] for a recent overview of 
Grassmannian calculus). To proceed, write the determinant as a Gaufiian integral over 
Grassmann variables with {p, a} e {u e , v e , A e , /i e , yi} h , 

det(D + R) = J]JahP p d^ p exp-{j2^p( D + R )p^}- ( 5 - 4 ) 

p p,<? 

Next, we perform the change of variables of 

= ty—k). withJacobian f4 = 1 . (5 . 5) 



b For the sake of clarity we use here the same letter for indices and the corresponding integration 
variables in the previous section. 
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Because all Grassmann variables anticommute, the determinant is expressed as 



det(D + R) = 

fm-^M exp4E^}exp-|{E^(x* + W )}, (5.6) 

P P P,° 

with dp = j 1 (resp. d p = Vt e t e ) for p = u e (resp. p = v e ) and otherwise. Note that 

/ Ftp d-Xp ex P ~~ 2 { S P a RpaXpXa } ( or the equivalent expression using 77) is the Pfaffian of 
the antisymmetric matrix R pa . 

Let us select a particular edge e from the corner i to the corner j and expand the 
related exponential 

det(D + R) = Jllp[- idXpdilp] (l + ijfVu e Xu e + i^ e t e Vv e Xv e - (^e) 2 Vu e Xu e Vv e Xv^j 
x exp^j Ep^ e ,, e ^pXp^p} exp - || R P a(x P Xa + VpV*)} 

(5.7) 

Moreover, since the operations on the variables 77 and x are identical and independent, 
we perform them explicitely only on 77. In the sequel, we repeatedly use the following 
elementary result from Grassmannian calculus 

Lemma 5.2 Let F be a function of the Grassmann variables 771,772, • • • (i-e- (in element 
of the exterior algebra generated by 771, 772, ... ). Then 



dm ViF(vu V2,... ) = F(0, 772,...), (5.8) 
and zfe corollary, the integral representation of the Grassmannian 5 function 

J drjodr}! exp a {770771} Ffa, 772, ... ) = (Z771 a8(r)i)F(r)i, 772, . . . ) = aF(0, 772, . . . ). (5.9) 
It is convenient to explicit all the terms involving the edge e in the Pfaffian 

R p^ P Va = Vu e Vx e + KVpe + 7^A e - %) + 7^ (?7 W + %) + • • • . (5.10) 



P,(T 



To alleviate the expressions, we make the convention that in the following we only repre- 
sent the part of the Grasmann integral affected by the equations. 
The first term in (5.7), 



dr) Ue dr) Ve dr) Xe dr)p e 

exp - {ri Ue r] Xe + \ Ve r)p e + j^r] Xe (n v . - rj y .) + ^r]p e (rj y . + r) yi ) +•••}, (5.11) 

corresponds to the deletion of e in G since the integration over i] Ue and r] Ve sets i]\ e = 
Vpe = by using (5.9). Then, the corners i and j remain as isolated corners. Let us note 
that the factors of i cancel since we integrate over 4 pairs XpVp an d that no extra sign arise 
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form the commutation of dx p and dr] p , since the latter are always performed pairwise on 
X P and rj p . 

In the second term, 

J dr] Ue dr] Ve dr] Xe dr]^ 

r] Ue exp - {r)u e r]\z+K e r]nz + j^Vx e (Vy, -%) + ^Vp e (v Vj +%) +•••}, (5-12) 

we have i] Ue = and the integration over r] Ve sets i] Pe = with an extra sign. The 
remaining integration over r]\ e enforces S(i] yi — r] yj ) after integration over with an extra 
factor of —l/y/2 using (5.9). To relate this operation to the deletion in the partial dual 
G e , we need to distinguish two cases. 

• If e is not a loop, then G e — e results from the identification of the corners % and j 
(belonging to two different vertices) to get a single vertex, as required by rj yi = r] yj . 

Taking into account both Pfafnans and the prefactor 2 v( - G \ we get (^^j x 2 v( - G ^ = 
2v(G e -e)^ Aft eT taking into account the variables Xp an d f] P , we integrate over an odd 
number of pairs, so that a factor of i remains, which cancels with the one in (5.7). 

• Let us suppose that e is a loop. Using the freedom we have in representing the 
vertex using triangles, we may always assume that % and j lie on adjacent triangles 
(ikl) and (jkm) with a common corner k and related to the remaining part of the 
graph by two additional corners I and m. 




Figure 13: A loop e 



The contribution of the two triangles to the Pfaffian is 

exp - {rj yi Vy k + VvkVw + W Vi + V yj Vy k + Vy k % m + VvnVvj } ■ ( 5 - 13 ) 
After the identification r\ y . = r\ yp the contribution of the triangles ikl and jkm reads 

j d V Vl dVy k exp - {2rj yk r] yi + (r] yi - r] yk )(r] m + r] y J} = 

J dri+dri- exp - ^rj+rj- + V2r]-{Vy t + %j} , (5-14) 
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using the change of variables r)± = ny ^ Vk ■ Using (5.9), the integration over i] + sets 
77 = with an extra —2, so that the contribution of the two triangles is trivial. 
Therefore, we suppress the latter, which is nothing but the deletion of e in G e . 

Finally, the factors of 2 are (±\ x 2 2 x 2^ G ) = 2 x 2 V ^ = 2^ Ge ~ e ) since e is 

a loop. The signs and factors of 1 also cancel since we integrate over 7 pairs of 
variables. 

The third term, 

J dr] Ue dr] Ve dr]x e dr] lle 

Vv*exp- \r]uJ]\A^vJ]^ + + ^VneiVvi+Vvi) +•••}» ( 5 - 15 ) 

is very similar to the second one, except that the integration over r] Ue , r) Ve , r]\ e results in 

/^ e exp-{(^)^^}. (5.16) 

Again, we distinguish two cases 

• If e is not a loop, let us set a new variable r) yp — ^| {p does not correspond to an 
existing corner in G), so that 

J dr)^ exp - I (ri fle ) r,Vi j = J dr] yp exp - {r) yp r) yi + r] yp r] y] } . (5.17) 

This is the contribution of two triangles (piq) and (pjr) attached by a common 
corner p with flags on q and r, so that there are no terms in i] yq = i] yr 0. Graphically, 
it corresponds to identifying the corners % and j with two extra flags separating the 
two parts of the graph that were attached to the corners i and j. This is the cut of 
e in the partial dual G e . 

• If e is a loop, then we perform the integration over r]^ e which enforces f] yi + % = 
with an extra factor As in the discussion of the second case, without loss of 
generality we assume that i and j lie on adjacent triangles (ikl) and (jkm) whose 
contribution is given by (5.13). After the identification r) yj = —r) yi , we are left with 

/ d Vy t dv Vk exp - {(r] yi - r]y k )v yi + (% + Vy k )Vy m } = 

j^-{^ K + ^Y (5 ,s, 

using the change of variables r]± = Vvi ^ Vk ■ Using (5.9), the integration over r] + and 
sets i] m = r\y m = with an extra factor of 2, so that the contribution of the 
two triangles is trivial. Therefore, we suppress the latter, which is nothing but the 
deletion of e in G e . As in the previous case, all the factors of —1, 2 and % cancel 
after we take into account the contributions of both Pfaffians. 
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The fourth term, 

J dr] Ue dr] Ve dr] Xe dr]^ 

r] Ue r] Ve exp - {r)u e V\ e + K e V^ + ^V\ e (v yj ~ %) + ^V» e {v yj + %) + •••}, (5-19) 

represents the cut of e in G since the integration over i] Ue and rj Ve sets i]\ e = r]^ e = by 
using (5.8). The remaining integrations over r)\ e and r]^ e can be written as 

J dri + dr]- exp {77+77^. + with ry ± = , ( 5 - 20 ) 

which imposes 77^ = r) yj = 0. Graphically, this means that the corners % and j become 
flags, which yields G v e. Here, the are neither powers of 2, nor extra signs arising from 
the operations. However, we integrate over 6 pairs of variables, so that the Jacobians 
yield -1, which cancel with the sign in (5.7). 

Finally, let us prove the assertion concerning the isolated vertices. In this case, D + R 
reduces to a, the antisymmetric adjacency matrix a of the internal corners of the graph, 
defined in the proof of theorem 4.1. For a vertex with an even number of flags, we have 
an odd number of internal corners because of the relation (4.38), so that 

HUy 2n = 2det(a) = 0. (5.21) 

In case of an even number of flags 

HUy 2n+1 = 2 det(a) = 2 [Pf(a)] \ (5.22) 

Recall that the Pfaffian of a 2n x In antisymmetric matrix is defined as 

Pi{ a ) = ^2 ( _1 ) Slgn(7r)a ^(l)^(2) a 7r(3),7r(4) " " " a7r(2n-l),7r(2n) , (5.23) 

7ren n 

with n n the subset of the permutations of {1,2. . . ,2n} such that 7r(2z — 1) < n(2i) for 
any 1 < % < n and 7r(l) < 7r(3) < • • • < 7r(2n — 1). Accordingly, if a is the adjacency 
matrix of a graph, its Pfaffian is a sum over all its perfect matchings, with relative signs. 
In the case of the graph build with the edges of the triangles pertaining to a vertex of odd 
degree and with all the external corners and the triangle edges attached to them removed, 
it is easy to show by induction on the number of triangles, that there is a unique perfect 
matching on the triangle edges, with the convention that the empty graph has a unique 
perfect matching, the empty one. Therefore Pf(a) = ±1, so that HUy 2n+1 =2. □ 

For a graph with e(G) edges, the reduction relation (5.1) involves 4 e ( G ) operations, 
many of them leading to terminal forms containing a vertex of even degree. For E(G) > 3, 
it is therefore not very convenient to compute HUg using the reduction relation. However, 
it is instructive to see how it works on the simplest examples with 1 and 2 edges. 

Example 5.1 (Bridge with flags) Let B mn be the bridge (i.e. one edge and two ver- 
tices) with m flags on one vertex and n flags on the other one. Then, the reduction relation 
reads 

HU flraiB (fii, ti) = ti HU ymU y„ + tQj HU ym+lU y„ +1 + fii HUy m+ „ + S^t? HU ym+n+2 , (5.24) 
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, so that we obtain 



4tiQf if m andn are even, 

HUfi m t) = ^ At\ if m andn are odd, (5.25) 

2f2i(l+£f) otherwise. 



Example 5.2 (Loop with flags) Let L rn , n be the loop (i.e. one edge and one vertex) 
with m flags on one face and n flags on the other one. The reduction relation 

HUw(fli.*i) = fiiHU VmU v B +*HU VWb + n 1 t 2 1 KXJ Vrn+lUVn+1 + f 1 n?HU Wfa , (5.26) 
implies 

{AVL\t\ if m andn are even, 

AVt\ if m andn are odd, (5-27) 

2ti(l + Qf) otherwise. 

Example 5.3 (Cycle of length 2 without flags) Let us consider a cycle of length two 
without flags. The reduction relation reads 

HU cycle (f2l, f2 2 , tl, t 2 ) = 

2 edges, no flag 

h HU Bo , (Q 2 , t 2 ) + ml HU Bm (n 2 , t 2 ) + Q 1 HU Lo o (Q 2 , t 2 ) + Q ± tl HUy M (Q 2 , t 2 ), (5.28) 
and we pet, wsmg t/ie previous two examples, 

hu ccfa (fii,n 2 ,*i,t2) = 4(^ + ^)nifi 2 + 4(n? + n^)M2. (5.29) 

2 edges, no flag 

5.2 Some properties of HUg as a graph polynomial 

We are now ready to give the combinatorial expression of the first hyperbolic polynomial. 
Theorem 5.3 The first hyperbolic polynomial can be expressed as 

HU G (fi, t) = Q G (t, Q, Vtt 2 , m 2 , r), (5.30) 
with r 2n+ i = 2 and r 2n = ; or explicitly, 

Hu G (n,t) = 

e l 2v{GA) { n *0( n ^)( n n 0( n (5 - 3i) 

A,sc-E(G) ^ eGA c nB c e€A c oB eeAaB c eeAnB J 

admissible 

mt/i (A, _B) admissible if each vertex of the graph obtained from G A by cutting the edges 
in B and deleting those in B c has an odd number of flags. 
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Proof. Recall that for ribbon graph with flags the polynomial Qg(x, y, z, w, r), depending 
on four variables (x e ,t e , z e ,w e ) for each edge and a sequence (r n ) ne ^, is defined as 

Q G (x,y,z,w,r) = 

e {( n n *.)( n ».)( n «.)( n *)} ^ 

A,BcE(G) { veV{G A ) eeA c nB c eGA c nB eeAnB c eeAnB J 

The graph polynomial Qg can be characterized as the unique graph polynomial which is 
multiplicative over disjoint unions, that obeys the reduction relation 

Qg = XeQ.G-e + W e Q G Ve + VeQc^-e + Z e Q G ey e , (5.33) 

for any edge e G E{G) and that takes the value Qy n (x, y, z, w, r) = r n on a isolated vertex 
with n flags, see definition 3.2. These three conditions are precisely the content of theorem 
5.1, with x e = t e , y e = Q e , z e = O e ^, w e = t e VL 2 e1 r 2n = and r 2n +i = 2. The relation 
f'2n = reduces the summation to admissible subsets (A, B) and r 2n +i = 2 yields a factor 
of 2 for each vertex of Ga- □ 

This formula can be used to compute HUg(^, t) for simple examples that admit many 
symmetries. Otherwise there are many possibilities for the subsets A and B that have to 
be treated, many of them being non admissible. 

Example 5.4 (Planar banana with three edges) Let us consider the planar graph 
with two vertices and three edges, all of three having both ends attached to different vertices. 
With A — 0, we must have \B\ odd. Thus, we get four terms 

Ahht-sinl + nl + nl + nlnlnl), (5.34) 

If \A\ = 1, G A has a single vertex without flags, so that no cut could yield an odd number 
of flags. When \A\ = 2, let us suppose that A = {1,2} for definiteness. Then, G A is a 
cycle with two edges 1 and 2 and an extra loop 3 attached to one of the vertices. We have 
4 possibilities for B : {1}, {2}, {1,3} and {2,3}, that yield the monomials: 

4Qifi 2 (^ 3 + 4t3 + t%Vtl + t\hVll). (5.35) 

By cyclic symmetry, we construct 8 other terms that correspond to A = {2, 3} and A = 
{1, 3}. Finally, with \A\ = 3, G A is a triangle and there is no way to get only odd vertices 
after cutting. Therefore, we obtain 

hu P ian 0r (n, t) = A \ht 2 h [fii + ^2 + ^3 + ^i^sl + ^^2^3 \4 + 4 + nl(tj + tl)] 

3-banana |_ 

+ [tl + t 2 3 + n 2 2 (tl + tD] + 1 3 ^ 2 [t\ + t\ + nKtj + 1 2 2 )]\ , (5.36) 

A first consequence of theorem 5.3 is the invariance of the first hyperbolic polynomial 
under partial duality, provided we interchange some of the variables Q and t. 
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Corollary 5.4 For any A C E(G), the first hyperbolic polynomial transforms under par- 
tial duality as 

w G A(n A ,t A ) = R\j G (n,t), (5.37) 

with 

Ne = *e, [U]e = for e E A, 

[Q A ] e = Q e , [t A ]e = t e for e£A. 1 ' ' 

Proof. This an immediate consequence of the relation between HUg and Q G and of the 
transformation of Q G under partial duality, see theorem 3.3. □ 

Remark. It is worthwhile to notice that this is a rather strong result, since the duality 
holds with respect to any subset of edges for all graphs, in contradistinction with the 
commutative case, where only the duality with respect to all edges holds for a planar 
graph. Note that this property also holds for the noncommutative field theories with Moyal 
interaction and heat-kernel propagator (see corollary 6.5), since in this case we obtain 
an evaluation of the multivariate Bollobds-Riodan polynomial, which is invariant under 
partial duality. 

Let us illustrate the use of the partial duality on a simple example. 

Example 5.5 (Non-planar double tadpole) The partial dual of a cycle of length 2 
with respect to one of its edges is the non-planar double tadpole (i.e. the non planar graph 
with one vertex and two edges). Thus, using the result of example 5.3 

HU non-planar (t 1 , t 2 , ^1 , H 2 ) = HU C 2 (* 1 , ^2 , ^1 , t 2 ) = 4(Q? + t^) t^a + 4(t? + Q|) Qlt 2 . 

double tadpole 

(5.39) 

Note that we obtain the same result if we perform the partial duality on edge 2, since they 
are symmetric. Partial duality with respect to both edges yields another cycle of length 2, 
with variables all variables fl and t interchanged. 

Before we deal with particular classes of graphs, let us show that HUg is not identically 
0, except for a particular case. 

Proposition 5.5 HUg is identically only for a graph containing an isolated vertex of 
even degree. 

Proof. We have already seen that on a isolated vertex HUg = if only if G has an even 
number of flags. Using the multiplicativity over disjoint unions, it remains to show that 
HUg is not identically zero for a graph with at least one edge. To construct a monomial 
with a non zero coefficient, let us choose a spanning tree T in G and an edge e G E(T). 
The tree T/(E(T) — {e}) obtained by contracting all edges of T but e has two vertices 
Vi and i>2- If V\ and v 2 both carry an odd number of flags then set A = E(T) — {e} and 
5 = 0. If v\ and v 2 both carry an odd number of flags then set A = E(T) — {e} and 
B = {e}. If one of the vertices carries an odd number of flags and the other an even one, 
then set A = E(T) and B = 0. Then, with these choices of A and B, the corresponding 
monomial in (5.31) is always non zero. □ 
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Remark. Since all the coefficients of the monomials o/HUg are positive as a consequence 
of the reduction relation, this shows that HUg(^, t) = is possible for t e > and Q e > 
if and only if G contains an isolated vertex with an even number of flags. Thus, det A > 
in the Gaussian integration (4.37) if there is no isolated vertex of even degree. 

For trees, it is possible to obtain a formula that collects the contribution of various 
subsets A and B. 

Proposition 5.6 For a tree T with flags, the first hyperbolic polynomial reads 

Hu r (n,f)= £ £ (2i^)H^ +i n^(i+an^' n ^} ,(5 - 40) 

AC-E(T) fl cB(T)-A L eeA e'&B e"eE(T)-(AL)B) J 

(B,V(T/A)) odd 

mt/i T/A £/ie graph resulting from the contraction of the edges in A and a graph is said 
to be odd if all its vertices have an odd number of attached half-lines, flags included. 

Proof. If e(T) = 0, then T = V n is an isolated vertex and A = B = 0, so that 
(B, V(T/A)) = V n and we recover (5.2). If e(T) = 1, then T = B m ^ n is a bridge with flags 
and (5.40) reproduces (5.25). Let us now prove the result by induction on e(T), singling 
out an edge e and using the reduction relation 

HU T = Vl e HU Te _ e + Q e t 2 e HU TeVe + t e HU T _ e + t e n 2 e HU TVe . (5.41) 

The graphs T x = T e - e and T 2 = T e v e are trees whereas T — e = T 3 U T 4 and 
T v e = T^UTq are disjoint unions of 2 trees. All the trees have less than e(T) edges so 
that we may apply the induction assumption, with a sum over Ai, Bi C E(Ti). 

For the first two terms, we gather terms for which A\=A2 and define A = A\ U {e}. 
Then, with B = B 1 ov B = B 2 , the graph (5, V(T/A)) is odd if only if (Si, V^/A^) or 
(5 2 ,\/(T 2 /A 2 )) are and the powers of 2 agree, 2^ T )-I A I +1 = 2 E ^~^-\ A ^ +1 = 2 E ( Te ^)-\M+\ 
This reproduces the terms in (5.40) such that eeA. 

In the case of T — e, HUT_ e factorizes as two independent summations over (A3, .B3) 
and {A 4 , B A ) and we set A = A 3 U A A and B = B 3 U B 4 . The graph (B, V(T/A)) is odd 
if only if (Si, V^(7i/Ai)) and (S 2 , \/(T 2 /A 2 )) are and the powers of 2 agree, 2 E ^-\ A \ +l = 
2E(t 1 )-|a 1 |+i 2 £(t 2 )-|a 3 |+i_ Thig re p ro duces in (5.40) the terms such that e A and e B. 

For T v e, we proceed similarly with A = A 5 U A 6 and B = B 5 U B e U {e} and recover 
the terms in (5.40) for which e A and e E B. □ 

Let us illustrate the use of proposition 5.6 on some simple examples. 

Example 5.6 (n-star tree without flags) Consider the n-star tree * n is made of one 
n-valent vertex, attached to n univalent ones, all without flags. Since all the edges not in 
A are necessarily in B (otherwise the leaves yield vertices without flag), 

mun,f)= e {2 n - |Ai+2 n^(i+a n n ^}- ( 5 - 42 ) 

I A|+n odd 

Using partial duality, one can compute the first hyperbolic polynomial for every graph 
made of loops attached to the vertices of a tree. Indeed, the partial duality with respect 
to the loops transforms the diagram into another tree. 
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Example 5.7 (Dumbbell) Let us consider the dumbbell graph (an edge labelled 1 at- 
tached to two vertices, each carrying a loop labelled 2 and 3). Let us perform the partial 
duality with respect to the loops 2 and 3 to obtain a linear tree with two three edges and 
no flag, for which proposition 5. 6 immediately yields 

HU linear tree (Q, t) = 16*1*2^2*3^3 + 4*!^fi 2 (l + 4)tt 3 (l + tj) 

3 edges no flag 

+4* 2 n^i(i + t\)n 3 {\ + tj) + 4*3^^1(1 + tl)n 2 (i + 1 2 2 ). (5.43) 

Using the partial duality E\J dumbbell (ri 1 ,ri2,^3,ti,t2,t 3 ) = HU Kneort™ (*i, t 2 , ^3,*i, ^2, ^3) 

3 edges no flag 

we get 

E.XJ dumbbell (n,t) = 16*1^2*^3*3 + 4*1^*2(1 + ^)* 3 (1 + ^3) 

+4fi 2 *2^i(l + tl)t 3 (l + n 2 3 ) + 4^3*3^1(1 + tj)t 2 (l + n 2 2 ). (5.44) 

Beyond trees, it is also possible to give a useful formula for cycles, i.e. a connected 
graph in which every vertex has valence 2. 

Proposition 5.7 For a cycle C with m flags in one face and n in the other one, the first 
hyperbolic polynomial reads: 

Hu (n,f)= %)„(_!).( n ^) e In^l + 

eeE(C) Ace(C) { e' G A J 

odd 

e e (2 |£(c)HAi n^( i+t e) n (5 - 45) 

Ace(C) bce(C/A) { e &A e'eB' e"eE(C)-(AuB) J 



(A,V(C)) acyclic (B,V(C/A)) odd 



where a graph is acyclic if it does not contain a (non necessarily spanning) subgraph 
isomorphic to a cycle. 

Proof. We prove this result by induction on the number of edges of C, starting with 
e(G) — 1. In this case, C is a loop with flags and (5.45) reduces to (5.27). Let us consider 
a cycle with e{G) > 1 edges, m flags on one face and n flags on the other one and apply 
the reduction relation to an edge e, 

HU C = n e HU C e_ e + n e t 2 e HU ceVe + t e HU c _ e + t e n 2 e HU CVe . (5.46) 

C e — e (resp. C e v e) are cycles with e(C) — 1 edges and m flags on one face and n flags 
on the other one (resp. m + 1 and n + 1), so that we apply the induction assumption 
and express both of them using subsets A' and B' of E(G) — {e} as in (5.45). Setting 
A = A' U {e} and B' = B, these terms can be collected and correspond to those terms 
in (5.45) such that e G A The numerical factors agree and (B,V{C/A)} is odd if 
only if (B',V((C e -e)/A')) and (B',V((C e -e)/A')) are because the graphs (A,V(C)), 

(A',V(C e -e)) and (A',V(C e Ve)) are acyclic. 

The graphs C — e and C v e are trees, so that we may apply proposition 5.6 to 
expand B.\J C - e and HU^ve using subsets A' and B' of -E'(C) — {e}. Setting A = A' and 
B = B', terms in HUc- e correspond to terms in HUc such that neither A nor B contains 
e. With A = A' and B = B'U {e}, the expansion of HUc V e reproduces those terms in the 
expansion of HUc f° r which e ^ A and e e B. □ 
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Example 5.8 (Triangle without flags) Consider a triangle (cycle with three edges) 
and no flags. Applying proposition 5. 7, we get 

HU triangle [Vt, t) = 4i^lS^2^3 (^1 + t\ ^3 ^l^^lj) 

without flag 

+4^1(1 + tj)t 2 t 3 (nj + nl) + 4fi 2 (i + tl)ti* 3 (n? + nl) + 4fi 3 (i + tDtM^l + nl)- 

(5.47) 

.As we perform the duality with respect to all three edges, we recover the planar banana 
with three edges (see example 5.4), with Q e -h- t e for all edges. 

Example 5.9 (Triangle with flags) For a triangle with one flag on each vertex, all in 
the same face, proposition 5. 7 immediately yields 

HU triangle (f2 , t) = 8t±t2t 3 {l + f^f^^) 

with flags 

+2*ift 2 (i + t 2 2 )n 3 (i + 1\) + 2t 2 fii(i + tj)n 3 (i + tl) + 2t 3 ni(i + *?)n 2 (i + (5.48) 

./Vote t/iot tee /irs£ term m (5.45) vanishes, since there are three flags in one face and none 
in the other one. 



5.3 The second hyperbolic polynomial 



Let us now evaluate the second hyperbolic polynomial HV G in terms of HU G , which is 
itself an evaluation of the graph polynomial <2 G . 

Theorem 5.8 The second hyperbolic polynomial can be expressed as 



1 



hv g = $>u GA 2 + Hu (Gi ^_ eij - iii; (Gi , r , v ,, 



Ob 5 " Ob i\ 



Ob 2 " J Ob j ■ 



(5.49) 



where G{ is the graph obtained from G by removing the flag on the corner i, Gij by joining 
the external corners i and j by an extra edge and G^ by attaching an extra flag to G^ 
immediately after i in counterclokwise order around the vertex i is attached. 



Proof. Let us isolate two external corners i and j and write 

H^^"^! — ^"ii i I CL j OC j | ^iGj^j OC^ ' Obj I ^iXO^j 0b% ' J I 



(5.50) 



where the dots stand for terms that vanish when Xi = Xj = 0. To determine an, we set 
Xk = for k 7^ i and integrate over x iy 



I 



d D Xi A G 



Ac 



(5.51) 



k^i kjti 

Comparing both sides with (4.25), we readily get an = HU Gi . 



39 



Similarly, to compute a^-, we insert an extra edge between the flags % and j 



x k =0 



x k =0 
k^ti,k^j 



/d x , d x j -/^"^2 ( x 2 . x j ) ./4. G 
The integral is GauBian over X = 

[ d D Xid D Xj K?, {x h Xj)A G _ = M [ d 2D Xexp-l l XAX, 

I e ij x k / 2 

•> k^i,k^j J 



with a normalization factor 



M - 
and 



2n6t e .. 



D/2 



n e ^(i-^ 



2«(G)-/(G) (2vr^) e ( G )+/( G )-' u ( G )HU G (n, t) 



D/2 



1 /HU G Q ei . (t ei3 + + 2a« HU G Q ei . . - ^-) + 2a, 
emTa I HU G Q e . (t ei . - j£) + 2a* HU G fi ei . + ^) + 2a, 



26. 



#HU G V-2^i 



This determinant can be expressed as £ D / 2 , with 



2 


2 


[#HU G _ 





(n eij R\J G ) 2 + a ii a jj -a 2 ij + b 2 ij + 



n^HUota + — )( 



)-Q ei ,HU G (^,-— ), 



We perform the GauBian integration over X to obtain ^4 Gij 



(5.52) 



(5.53) 



(5.54) 



iJ. (5.55) 



(5.56) 



k^i,k^j 



and identify HU Gi 



HU Gij = (fi e J 2 ^HU G + 
ft 



2 T-,2 



HU 



G 



[{t ei] f + 1] {a u + a n ) - Q eij [{t ei] f - l]oy. 



(5.57) 



Using the reduction relation, we identify the first term with (Q, eij ) 2 t eij HXJ Ge .. v e^, the 
second with i eij . HU Ge — (this proves that HU G divides au<ijj — a?- + 6? ) and the sum 
of the last two terms with i? fiy 1 1 lJ( Gr _ )'•>;,_,,, y + fi eij (t eij .) 2 HU (Ge ..)<=ii Veii . Thus we have 



Hi; (G(j) 'u_ (t(j - HU (G .. riJVe .. 



(5.58) 



c It is a simple case of the Dodgson condensation identities. 
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To compute by, we use a similar method but introduce an extra flag on the vertex % is 
attached to, immediately after i in counterclockwise order. Then, we connect i and j with 
an extra edge to obtain G^. In terms of graph amplitudes, this can be expressed as 



d D Xid D Xjd D y (y, Xj)V z {x h y, 0)A G 



x k =0 
k^i,kjtj 



A, 



x k =0 



(5.59) 



Xi 



As before, the integral over X — I y I is GauBian, 



( d D x l d D x ] d D yK h (y,x j )V 3 (x i ,y,0)A G Q = N I d 2D X exp - \ l X AX, (5.60) 



with a normalization factor 

D/2 



M ■ 
and 



Q e ..(l -t 



2it9t e .. 



x 



n e ^(i-€ 



/2c 



#HU r 



2 «(G)-/(G) (27r^) e ( G )+/( G )-^ G )HU G (^, t) 



2di 



D/2 



\ 



HU G fi eij (t eij + JL) RU G Q eij (t eij - +-) 
[2a tJ R\J G n ei .( teij -^) 2a jj + R\J G n eij (t eij + ^)J 





l D 



9RXJ G 



-2HU G 
-2h 



J K1 



2HU G 


2bij 















iJ (5.62) 



Its determinant is det A = £ D / 2 with 



^e,. (t, " .' + 6fi eiJ (tey • ' ) • 6^1, + 6, (5.63) 



# 3 HU G 

with £1, £2 and £3 independent of f2 e4j . and t eij . 

We perform the GauBian integration over X to obtain A G 

terms in f2 e .{tl — 1) to obtain 

26^ = RXJ (0..^ _ e .. - R\] {Gij) e ijVeij , 



x k =0 
k^i,kj^j 



and identify the 



(5.64) 



which proves our expression for the antisymmetric part of HV G . 

Let us note that up to a change of sign, we could have attached the extra flag before 
i or on the vertex j is attached to. □ 



As a consequence, the second hyperbolic polynomial is also invariant under partial duality. 
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Corollary 5.9 The second hyperbolic polynomial transforms under partial duality as 

RV G A(tt A ,t A ,x) = RV G (Q,t,x), (5.65) 

with 

[Sl A ]e = t e , [tA]e = tt e for e E A, 

[Q A ] e = Q e , [t A ] e = t e for e<£A. { ' ' 

The variables x attached to the flags are left unchanged. 

Proof. This follows immediately from the invariance of HUg and the fact that partial 
duality commutes with the operations we performed on the flags. □ 

Let us illustrate the computation of HV G on some simple examples. 

Example 5.10 (Bridge) Consider the graph with a single edge, two vertices, each with 
one flag, labeled 1 and 2. Thus, G\ and G 2 o,re graphs with one edge, two vertices and a 
single flag, Gi 2 is a banana with two edges and no flag and Gi 2 is a banana with a single 
flag. This immediately leads to 



HV G = 2Q{t 2 + l)(x\ + x\) + 4Q{t 2 - l)x!X 2 . 
Since we also have HUg = At, the amplitude reads 

A G (Q,x 1 ,x 2 ) = 



(5.67) 



/ 



da 



tt(l-t 2 
2n6t 



D/2 



cxp 



26 



(*+ \){x\ + x 2 2 )+2(t- l - t )x l x 2 \ . (5.68) 



To compare this amplitude with the corresponding one in the commutative theory (see 
proposition 4-3), recall that we are working with an oscillator of frequency 2 f-. Therefore, 
we have to substitute £1 — > ^p, 



Ag{—,x 1 ,x 2 ) 



da 



n (i 

X 

2tt 2t 



D/2 



exp — | (t + j) (x\ + x 2 2 )+2(t- j)x lX2 ^ , (5. 



69) 



which is nothing but the Mehler kernel of an oscillator of frequency fl, as it should since 
there is no integration on the external flags. Strictly speaking, the commutative amplitude 
is recovered after the limit 9^-0, but the latter is trivial since the 9-dependence drops 
from A G ( § £,t,x 1 ,x 2 ). 

Example 5.11 (Tadpole) Let us now perform the partial duality on the unique edge of 
the bridge treated in the last example. We obtain G e which is a loop with a single vertex 
and one flag in each of its two faces. The corresponding amplitude reads 



AG"(^,t,X l ,X 2 ) 

da 



/' 



(1-t 2 

{2-Key 



D/2 



exp — 



26 



(n + [x\ + x 2 2 )+2(Q- ^)xiX2 



(5.70) 
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Let us note that we exchanged Vt and t in the hyperbolic polynomials, but not in the 
prefactor. It is also worthwhile to point out that we have traded the simple graph with 
two 2-valent vertices for a more complicated one with one 4-valent vertex. While a direct 
evaluation of the former is straightforward, it becomes more complicated for the latter, 
because of the structure of the 4-valent vertex. 

To compare it with the commutative case, we substitute £1 — > ^L. and take the limit 
9 — > 0, so that 



A G { — ,x 1 ,x 2 ) 
Then, using 



we recover 



da 



(I-* 2 ) 
(2tt#) 2 



D/2 



tfl i \ 2 t , x ; 

exp-—{x 1 +x 2 ) exp- — (x 1 -x 2 ) 



cxp 



(xi - x 2 f 
2a 2 



= 5 D (x 1 - x 2 ), 



lim^4 G (-^,xi,X2) =5 D (x 1 -x 2 ) [ 



da 



2n 



x 



[1-t 2 
2t 



D/2 



tQ i ,2 

exp — —{x 1 +x 2 ) . 



(5.71) 



(5.72) 



(5.73) 



This is indeed the commutative amplitude, since the 4-valent vertex reduces in the limit 
9 — > to a product of Dirac distributions (see (4.12),). 

Example 5.12 (Sunset) Consider the graph with two vertices related by three edges 
labeled 1,2 and 3 and one flag on each vertex, both in the face bounded by the edges 1 and 
3. It is simpler to compute the hyperbolic polynomial of its dual, which is a cycle with 
three edges and two faces, each broken by a flag on the vertex not adjacent to the edge 2, 
All the graphs involved in the expression of the hyperbolic polynomial are cycles or trees 
with flags so that an immediate application of propositions 5. 6 and 5. 7 provides us with 



HU cycle 

2 broken faces 



W iths c e d9 es = 41^2^3 [i + t\t\ + t\t\ + * 2 * 2 ] + 4ftit 2 * 3 (i + t\)(nl + n 2 3 ) 
+4fi 2 t 1 t 3 (i + tl)(n\ + n 2 3 ) + 4ft 3 * 1 * 2 (i + tj)(nl + n 2 2 ) 



(5.74) 



and 



RV cycle MS edges (X!,X 2 ) = [x\ + xj] [8*1* 2 * 3 (^2 + fi M + 2*1^2^(1 + ^X 1 + ^X 1 + 4) 

2 broken faces 

1 2 \ / -i , .2\/-i , ,2\ , rw o r> /-i , n2wi , *2\/i , .2\ 



+2* 2 fiifi 3 (l + + W + H) + 2*3^1^2(1 + ^s)(l + t{){\ + t 2 2 

+ Xl ■ x 2 [i6*i* 2 * 3 (fi 2 ^3 - 1) + + * 2 )(i + tl)n 2 n 3 (nl - 1) 
+4* 2 (i + * 2 )(i + *^)Qifi 3 (^2 - 1) + 4*3(1 + + tDn^nl - 1)] 

+X! ■ Jx 2 [4(1 + * 2 )*2* 3 fil(^3 - 

+4(1 + tDum^nl - nl) + 4(i + tDhhn^nl - o 2 )] . 



(5.75) 



We readily obtain the hyperbolic polynomials of the sunset by interchanging fl e and t e for 
all edges, 



Hu_ t = 4*^2*3 [1 + njnj + njn 2 3 + n 2 2 nf\ + 4* : (* 2 + tl)n 2 n 3 (i + nj) 
+4* 2 (* 2 + * 2 )fiifi 3 (i + *%) + 4* 3 (*i + * 2 )fiifi 2 (i + ^ 2 ) 



(5.76) 
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and 

HV^xi, x 2 ) = [x\ + x\] [8^2^(4 + t\tl) + 21W 3 (1 + tl)(i + n 2 ){i + nl) 

+2n 2 *i* 3 (i + tj)(i + + nl) + 2n 3 t 1 t 2 (i + 4)(i + + 

+xi • x 2 [I6fiifi 2 fi 3 (^3 - 1) + 4fi i(! + + n|)* 2 t 3 («? - 1) 

+4fi 2 (l + + n^)*it 3 (t2 - 1) + 4H 3 (1 + + nl)tit 2 (*3 - 1)] 
+xi • Ja; 2 [4(1 + ^)ft 2 fi 3 ti(*3 - t\) 
+4(1 + fi^fi^ata^ _ t \) + 4(1 + ft^ift^^ - t\)] . 

(5.77) 

In the commutative limit, we keep only the lowest order terms in Q in the hyperbolic poly- 
nomials and we recover the product of three independent Mehler kernels for the amplitude. 
Moreover, if we denote by a (resp. b, c) the coefficient of the term in {x\ + x$) (resp. half 
of the coefficient of x\x 2 , half of the coefficient of X\Jx 2 ), then the Dodgson condensation 
identity a 2 - b 2 + c 2 = HU sutlset HU s . 6otiano is obeyed. 

Example 5.13 (3-star tree with flags) We compute the hyperbolic polynomials for the 
3-star tree is made of one trivalent vertex, attached to 3 univalent ones, each with one 
flag. The first hyperbolic polynomial results from a direct application of proposition 5. 6 

EXJ 3-star tree = 2^1 Vt 2 Vt 3 ( 1 + t\) ( 1 + ^) ( 1 + t\) 

with flags 

+8fti(l + tl)t 2 t 3 + 8fi 2 (l + 4)tit 3 + 8H 3 (1 + tDhh. (5.78) 

All the graphs involved in the computation of the second hyperbolic polynomial reduce to 
trees and cycles after a single use of the reduction relation, so that propositions 5.6 and 
5.7 yield 

KY 3-star tree (X!,X 2 ,X 3 ) =x\ [8^2*3^3 + 4^*1 (1 + t|)f2 2 (1 + #1)^3 

with flags 

+4^t 2 (l + t?)fti(l + t 2 3 )tt 3 + 4^ 3 (1 + + t 2 2 )n 2 ] 

+xi ■ x 2 [8(1 — t 2 )(t 2 — \)^l\^l 2 t 3 \ + 2 cyclic permutations 
+Xi ■ Jx 2 [4(1 — ti)(l — £2)^1.^2^3] + 2 cyclic permutations. 

(5.79) 



6 Various limiting cases 
6.1 The critical model f2 = 1 

When we set Q e = 1 for all edges, the hyperbolic polynomial HUg can be factorized 
over the faces of G (i.e. the connected components of the boundary). Before we give a 
combinatorial proof of a general factorization theorem at Jl = 1, let us present a heuristic 
derivation of this result for ribbon graphs without flags, based on the matrix basis. 
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The Moyal algebra of Schwartz functions on R D is isomorphic to an algebra of infinite 
dimensional matrices M pq whose indices p, q are elements of N D ^ 2 and whose entries de- 
crease faster than any polynomials in p, q. Using this isomorphism <fi — > M, the interaction 
(4.9) can be written as 

S int [M} = (2n6)J2-Tr[M n ], (6.1) 

n>l 

which is the standard interaction familiar from matrix models. The associated vertex 
reads 

V„(pi,gi,P2,92,...Pn,5n) = (27T0) $ qi ,p 2 S q2 , ps • • • S qn _ up J qniPl . (6.2) 

The quadratic term reads 



S [M] = lYs M pq A pqirs M rs . (6.3) 

In the critical case f2 = 1, 



2 

p,q,r,s 



A pq ,rs = {2n0)d ps d qr , (6.4) 

where \p\ — p± + Vd/2 for any multi-index p = (p 1 , . . . ,po/2) N D / 2 . 

Because of the Kronecker symbols S, the multi-indices are identical around each faces 
(as in ordinary matrix models), so that the amplitude factorizes over the faces for a graph 
without flags, 

A G = J J] da e ^_ L-^ JJ J] { E ex P-^(l^l + ^)}- ( 6 - 5 ) 



e V (7 faces of G eedges 

bounding a 



2a e 



Summing up the geometric series and expressing the amplitudes in terms of t e = tanh e 
we obtain 



€ L v 7 e a faces of G e edges 

bounding a 

Then, identifying a face a of G with a vertex v* of G*, 



(6.6) 



n n ( i -*e)= 2 e n*- ^ 

e edges e edges ACE y * , e£ A 

bounding a bounding a |^| odd 

with as the set of half-edges of G* incident to v*. Comparing with the general 
expression of the amplitude (4.25), this suggests that 



hu G (m) = ^ n { e n*-}- ( gi 



v*£V(G*) ace v *, el =A 

\A\ odd 



Example 6.1 (Dumbbell) Let us consider the dumbbell graph (an edge labelled 1 at- 
tached to to vertices, each carrying a loop labelled 2 and 3). The graph has 3 faces and 
we get 

H\J iumbbM (l, t) = 8t 2 t 3 [2ti(l + t 2 t z ) + (1 + tj)(t 2 + t 3 )] . (6.9) 
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Let us now prove the factorization of HU at f2 = 1 in a completely combinatorial way. 
To this aim, we will use the bijections introduced in section 2. Moreover, the polynomial 
HU can be extended to ribbon graphs with flags and we show that the factorization (6.8) 
holds in this case too. 

Statement of the problem Via the x-space representation, we computed the para- 
metric representation of the Grosse-Wulkenhaar model, see section 4. This representation 
involves a new ribbon graph invariant Q, see equation (3.1). In fact, this is only a special 
evaluation HU of Q which is used in the Feynman amplitudes: 

HU(G; t, n) = Q(G; t, fi, £ 2 fi, tft 2 , r) (6.10) 

with r 2ri = and r 2n +i = 2. Then, with a slight abuse of notation, and using definition 
2.2, the polynomial HU can be written: 

HU(G;t,0)= fAQAC E {t BnAC ) 2 {V BnA ) 2 . (6.11) 

AcE(G) BeOdd(G AC ) 

Note that if G is a ribbon graph with flags, HU is also well-defined. 

On another side, we computed the parametric representation of the critical (Q = 1) 
Grosse-Wulkenhaar model via the matrix base. It involves the following polynomial, see 
(6.8) and definition 2.4: 

U{G-t):= Yl fH - ( 6 - 12 ) 

HeOdd(G*) 

Uniqueness of the parametric representation implies 

HU(G;t,l) =U(G;t). (6.13) 

Our task is now to give a bijective proof of (6.13). To this aim, given a ribbon graph 
G with flags, we are going to present a bijection xg between the colored odd cutting 
subgraphs of G* and the colored odd subgraphs of all the partial duals of G. Finally 
the monomial in HU corresponding to a subgraph g will be proven to be equal to the 
monomial of Xc(g) m U. 

A bijection between colored odd subgraphs 

Lemma 6.1 Let G be an orientable ribbon graph with flags. For any total order < on 
the set E{G) of edges of G, there is a bijection xg between P := Usc£(G) 0dd (G 5 ) and 

oddfc*). 

Before entering into the proof of lemma 6.1, let us first give a preliminary definition: 

Definition 6.1 (Restrictions). Let G be a ribbon graph with flags. For any E' C E[G), 
the restriction of the map xg t° Odd(G E ) is denoted by Xg,e' '■ Odd (G E ) — > Odd ((?*). 
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Proof. We first explain how the map xg is defined. Let G be a colored ribbon graph with 
flags. Let g G Usc-E(G) Qdd (C s ) be a colored odd subgraph of a partial dual of G, say 
G E ' for E' C E(G). The subgraph 

5 := Xcig) £ Odd (C*) has edges in E(g) fl and 
flags in E' c . Here is how it is constructed from g. 

Each of the maps Xg,e> is defined as the composition of \E' C \ maps that we describe 
now. In section 2.4, we introduced bijections 

Xg } ■ Qdd(C) ^ Odd(F {e} ). (6.14) 

We saw that given any flag-set F' of G, these maps restrict to bijections 

Xg } ■ Qdd(G) r F' ^ Odd(G) f F' e . (6.15) 

Given any order on E(G), we can write E' c =: {ei, . . . , e|^c|}. Then we define 

Xg,e> -X GE{G)x{eiE/ci} °---°X G{ei} °X G ■ (6.16) 

This map is well defined and is a bijection from Odd (G E ') to Odd(G*) F E' c , as shown 
by the following diagram: 



Odd(G E ') 



{ei} 

Xg 



Odd(G E ' u{ei} ) F {ej 



y {e 2 } 



Odd(G g,u ^ ei ' e2 >) F {ei,e 2 } 



y {e 3 } 



X 



{ e |B' c l} 

E(G)\{e |jB , c| } 



Odd(G*) r E' c 



This proves lemma 6.1. 



□ 



Factorization of HU Let us define the monomials of HU (for ft = 1) and U by 

HU(G;M)=: ^-Mhu(G^), (6.17) 

(6.18) 



g&P 



U(G;t)=: J2 Mu(G*;h). 

heOdd(G*) 
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Let g G Odd{G AC ), Xc{g) e Odd(G*) F A. Moreover E{ XG {g)) = E(g) n A c . Thus 
Mu(G*;xa(g)) = t A {t E ^y = M w (G;g). This implies 

HU(G;M)= Y. M ™{G\g) (6.19) 
= J2M u (G*;xG(g))= E ^M^V) (6- 2 °) 

96P 3 'eOdd(G*) 

= l/(G*;t). (6.21) 

Example 6.2 (Triangle with flags) Consider the triangle with one flag on each vertex, 
all in the same face. In this case, one face has an even number of flags while the other 
has an odd number, which yields 

HU tria n 9 ie(l, t)=A [f 1 + t 2 + h + ht 2 h] [I + ht 2 + tit 3 + t 2 h] , (6.22) 

3 flags 

in accordance with (5.48). 



6.2 An algorithm for computing HUg(^, t) based on the critical 
model 

The previous factorization over faces of G provides us with a useful algorithm to compute 
HUgC^M), for any ribbon graph with flags. HUc(l,t) has indeed the same monomials in 
t as HUc(fi,t): all its coefficients are positive and no cancellation is possible. We only 
have to write each of the coefficient of each monomial in t as a polynomial in Q. To 
proceed, we first determine the monomials in BXJ G (l,t) by expanding 

hu g (m) = 2"«n J] { E IW ( 6 - 23 ) 

v*£V(G*) ace v *, e( zA 

\A\ odd 

Then, for each monomial (discarding the prefactor) 

• perform the partial duality with respect to the set A of edges with an even power 
of t e and multiply the monomial by rie^e, 

• cut in G A the edges with a factor t 2 e (edges in A D B) and delete those with t° e (edges 
in An B c ), 

• sum over all possibilities of cutting the edges not in A , with a factor Vt 2 e1 or deleting, 
with a factor 1, 

• multiply by 2 V ^ A \ 

At the end, it is useful to check the result by evaluating it at Q, — 1. The interest of 
this algorithm is that we are performing the operations only on the subsets A and B that 
are admissible, in contradistinction with the general expansion formula (5.31), where the 
admissibility can be tested only after having performed the partial duality and the cuts. 
Therefore, we avoid non admissible sets right from the beginning. 
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Example 6.3 (Non-planar 3-banana) In the case of the non planar banana, the crit- 
ical model yields 



HU non planar {\^~t^j — 
S -banana 

2[8W 3 + 2tx(l + t\){\ + t 2 3 ) + 2t 2 (l + t{){\ + t\) + 2t 3 (l + t\)(l + t\)\ . (6.24) 
Applying the algorithm, we deduce 

HU non planar (Q, t) = Alt^ts + ^2 + ^3 + ^l^2^3 + h^2^3 [4 + 4 + ^1(4 + 4)\ 

8-banana |_ 

+^^3 [i* + t 2 3 + ^2 + ^] + tsfil ^ 2 + t 2 + Q 2^2 + 



(6.25) 



6.3 The noncommutative heat kernel limit 17 — > 



In this section, we study the amplitude (4.22) and the first hyperbolic polynomial HUg(^, t) 
in the limit of vanishing oscillator frequency. In order to avoid a lengthy discussion of the 
second hyperbolic polynomial, we restrict ourselves to graphs without flags. The general 
case can be treated along the same lines. Without further loss of generality, we also 
assume the graph to be connected. 

In the limit f2 — >• 0, the Mehler kernel reduces to the heat kernel, 



da (x — yY 

q^o {4:7r) n ' z J 1/A 2 a u i l 4a 



J 



lim JC^ix, y) = /C (x, y) = / —-: exp . (6.26) 



Notice that JC (x,y) only depends on x — y , so that it is invariant under translations, 
JCo(x + a,y + a) = )Co(x,y). Because the heat kernel and the vertex are both invariant 
under translations, the integrand in (4.22) only depends on 2e(G) — 1 variables for a 
connected graph without flags. Therefore the integral over the variables attached to the 
half-lines is trivially divergent and the limit Q — > of the amplitude is not defined. 

In order to cure this problem, graph amplitudes with heat kernel propagators are 
usually defined by an integration over all variables associated to the half-lines, save one. 

Definition 6.2. Let G be a connected ribbon graph without flags and let us attach a 
variable y i e M. D to each half-edge of G, with the convention that y io = for a fixed 
half-edge The (generalized) amplitude of a ribbon graph in the heat kernel theory is 
defined as 

A h a tk -'= j\[d D y l fj /C (y*e, + ,^,-) II (6-27) 

with yi e + ,yi e _ the variables attached to the ends of e and y ivl , . . . ,y iv dv the variables 
attached in cyclic order around vertex v. 

After the removal of one of these integration variables, the limit il — > is well-defined 
and related to the first Symanzik polynomial Uq of a non commutative field theory, which 
is itself an evaluation of the Bollobas-Riodan polynomial. In order to see how this results 
from the limit Q — > of an amplitude with Mehler kernel, we first define a new graph whose 
amplitude is obtained by integrating over all half-lines but i . 
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Proposition 6.2 et G be a connect ribbon graph without flags and i one of its half-lines. 
We define Gi as the graph constructed by replacing the half-line io by a flag on the vertex 
it is attached to in G and inserting a bivalent vertex with one flag on its other end, see 
figure 14- Then, the amplitude of G io with variables x = for the two extra flags is 

A d^,0) = l\[d D yi II ^(!/,, + ^v) II Vd.dfc.,,...,^), (6.28) 

J i^io e£E(G) v£V(G) 

with the convention y io = 0. 




(a) An edge e made of 2 half-edges io and jo in a graph G 




(b) The transformed edge in 



Figure 14: From G to G it 



Proof. The amplitudes Aq. (ft, 0) and Ac only differ by the vertex and the edge involving 

the half-line i . Since the two flags of G io carry x — 0, the relevant variable in the 
interaction and in the propagator is set to 0, which reproduces (6.28). Then, the heat 
kernel limit follows immmediately from isolating n e ^e ^ n (4-25). □ 

Remark. If G eo is the graph obtained by encircling io by an extra loop e , then Gi = 

Q;ve . 

Then, the heat-kernel limit can be taken as follows. 
Theorem 6.3 For a connected ribbon graph without flag, 



■/n- 



Aa at kernel = I | | da £ 

with 



G 

e 



1 



(4 7 r) e ( G )-^ G )+ 1 U G (o ; , 9) 



D 
2 



Ace(G) \ ' ^ e(£A 

(A,V(G)) quasi — tree 



where a quasi-tree is a ribbon graph whose boundary is connected d . 



(6.29) 



, n\ \A\-\V(Gm 



d a connected ribbon graph with a single face, in the quantum field theory terminology. 
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Proof. Using theorem 4.1, we can express Aq. (fi,0) as 

D/2 

(6.31) 



A 6^,0) = J Y\ e da £ 



since the variables attached to the flags vanish. Then, using proposition 6.2, we take the 
Mehler kernel limit f2 — > and get 



J e 



Mm A- (^,0) =Ag 



(Ait)< G )-< G )+i\J G (a,e) 



heat kernel 



(6.32) 



with 



m e(G)^(G)4-l HU^ 

and t e = tanh^p. To express this limit in terms of quasi-trees, recall that theorem 5.3 
shows that 



n«a 



e k (81, ( n £)( n tA )( n <0 ■ (6.34) 



In the limit f2 — > with t e = tanh 2n ^" e ; only those terms with B = do not vanish. 
Accordingly 



lle 6 AC-B(G) I, eeA c J 

(A,0)admissible 

Next, notice that (A, 0) is admissible if and only if the boundary of (A,V(G io )) has two 
connected components, each carrying one of the flags. To conclude, we need the following 
lemma. 

Lemma 6.4 The natural bijection between the edges of G and of G io induces a bijection 

{A,V(G)) h- {A,V(G i0 )), (6.36) 

between spanning quasi-trees of G and spanning subgraphs ofG io whose boundary has two 
components, each carrying one flag. 

Proof. In G^, let us call v the additional vertex, as in figure 14b. The set Qg of spanning 
quasi-trees in G is the union of two disjoint subsets, respectively Qc,e and Q G , who 
contain or do not contain e. Let Q e Q G . By definition, e ^ E(Q). In G io , v being 
connected to the rest of the graph only be e, the subgraph Fe{q) C G io has obviously two 
boundaries: the boundary of v and its flag jo, and the boundary of its other component, 
which is a quasi-tree. On the contrary, let F C Gi be a subgraph with two boundaries, 
each of which bearing a flag and such that e ^ E(F). Then, one boundary of F is the 
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boundary of v and its flag. The rest of the graph F has thus only one boundary and is 
therefore a quasi-tree: F C G is a quasi-tree. 

Let us now consider the case of subgraphs, which do contain e as an edge. First of all, 
notice that the subgraphs of G io which contain e are in one-to-one correspondence with 
the subgraphs of G v e and that this map is also a bijection on the subgraphs with two 
boundaries, each of which bears a flag. So we are going to prove that Qa,e is in one-to-one 
correspondence with the spanning subgraphs ofGve with two boundaries, one flag per 
boundary. 

For any ribbon graph with flags G and any e G E(G), (G V e)* = (G*) {e} V e. Let 
Q G Qc,e- Its dual Q* is a one- vertex ribbon graph. The edge e is a loop in Q* which 
implies that (Q*)^ v e = (Q v e)* has two vertices, each of which bears a flag. It is 
exactly the dual of a subgraph ofGve with two boundaries and one flag per boundary. 

On the contrary, let F C G v e be a subgraph with two faces, one flag per face. Its 
dual has two vertices and one flag per vertex. To map it to a subgraph of G*, one needs to 
uncut e that is glue the two flags together and perform a partial duality wrt e. This new 
edge links the two vertices of F so that its partial dual has only one vertex. Its (natural) 
dual has therefore one boundary and is then a spanning quasi-tree of G. □ 

Therefore, we always have 2 v( - Gi i^ = 4 and 

n->o 4T7 fie ^ 1 11 

(A,V(G)) quasi — tree 

Finally, (6.30) follows from the factorization of powers of |. □ 

Example 6.4 (Planar banana and non planar banana) In the case of the planar 
and non planar bananas (see examples 5.4 and 6.3) bananas , let us remove one of the 
half lines of edge 1. Then, 

HU -; — - (n.t) = 

planar \ ' J 
3-banana 

4fti(l + t\) [fi 2 fi 3 (t2 + tl) + fc* 3 (l + fi'fia)] + 4ti [t 2 (l + t 3 ) 2 + t 3 (l + (6.38) 

and 

HU — r- (fi,0 = 

non planar \ ' / 
3-banana 

4fti(l + [fi 2 fi 3 (l + t^s) + *2* 3 (1 + fi 2 fi 3 )] + 4 *i [*2(1 + ts) 2 + * 3 (1 + , (6.39) 
from which we deduce 

U planar (a, 0) = o^o^ + «iO; 3 + Q;2« 3 (6.40) 

3-banana 

and 

V) non planar (a, 9) = Ct\Q,2 + ttl« 3 + O^O^ + ( - J . (6.41) 

3-banana \ Zi / 

All the terms in (6.40) and the first three terms in (6.41) correspond to the spanning trees. 
The last term in (6.41) is the quasi-tree made of all edges. 
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In fact, Ug is an evaluation of the multivariate Bollobas-Riordan polynomial Z(a, q, c) 

XJ G (a,e) = (- limc- 1 Z G ( T ,l,c). (6.42) 

Equivalently, it can be expressed in terms of the polynomial Q as 



V G (a,9)=^-j Q G ( — ,1,0,0, r), (6.43) 

with ri = 1 and r n = for n ^ 1 This suggest that Ug has a natural transformation 
under partial duality. 

Corollary 6.5 For any A C E{G), the first Symanzik polynomial transforms under par- 
tial duality as 

v{G)-v{G A ) , 9 x 

u G x(a,(?)=(-) (nyw^ (6 - 44) 

with [ctA\ e = if e E A and [ctA\ e = a e if e A. 
Proof. First write (6.43) as 

- 2 n e(G A yv(G A }H 

-) V G A(a,e) = Q G A(x,y,0Ar), (6.45) 

with x e = ^ and y e = 1. Then, partial duality for Q reads 

Q G A(x,y,0,0,r) = Q G (x', y', 0, 0, r) (6.46) 
with x' e = 1 and ^ = ^ for e G A and x' e = ^ and y' e = 1 for e A. Next, we expand 

^.✓.0,0,0= e {( n £)( n £)} 

A'cE(G) L eeA' c nA c eeA'nA J 

(A',V(G)) quasi-trcc 

- e (( n £x n ^)( n ^)( n 2ft 



^ / V J-l g 2a e J\ J-- 1 - 2a e /V J-l q 

a'ce(G) ^ eeA' c nA c eeA' c nA eeA'nA c eeA'nA 

(A',V(G)) quasi-trce 

(n't) e (( n ;, ::k n ,",)} u,.^.,,,.. 



e<=A a'ce(G) k eeA /c nA c eeA' c nA 

(A',V(G)) quasi-trco 



(6.47) 



with x" = 27 for e G A and x" = ^ for e ^ A and = 1 for all e . Reverting to the 
Symanzik polynomials Ug and XJ g a, we get the announced result. □ 

Example 6.5 (Non-planar double tadpole in the heat kernel theory) The partial 
dual of a cycle of length 2 with respect to one of its edge is the non-planar double tadpole 
(see example 5.5). For a cycle of length two, we have a sum over 2 spanning trees 

U cycle wtth («!, «2, 6) = Oil + Oi2, (6.48) 

2 edges 
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from which we deduce, using partial duality, 



2 



U no.-pior.ar (cCl,^,^) = «1«2 + 7 ■ (6.49) 
double tadpole \ 2i / 

Finally, in the commutative limit 9 — > we recover the well known expression of the 
first Symanzik polynomial as a sum over spanning trees. 



Corollary 6.6 



gmu (M)= Yi (n^| (6 - 50) 



AC£(G) >- e dA 
(A,V(G))tree 



Proof. In this limit, only the subsets A such that |A| — |V| -1-1 = contribute to (6.30). 
This condition characterizes spanning trees. □ 



6.4 The commutative Mehler kernel limit 6 — y 

In this section, we derive a combinatorial formula for the first hyperbolic polynomial in 
the commutative limit 9 — > in terms of trees and unicyclic graphs. First of all, to 
recover a commutative quantum field theory with the Mehler kernel corresponding to an 
harmonic oscillator of frequency f2 instead of f2 = ^ we have to substitute f2 — > ^ in 
(4-25). 

In order to simplify the analysis, we restrict ourselves to graphs without flags . For 
such a graph, the commutative limit of the amplitude reads (see proposition 4.3) 

D 
2 

= ^ mmutative (fi). (6.51) 

In the limit 9 — > 0, the only terms that survive in 9~ V ^BJJ g(^j- , t) are associated with 
subgraphs of G having at most one cycle per connected component. 

Proposition 6.7 For a ribbon graph G without flag, 
limr^HU G (- ,t) = 

e { n n WK(n,t)}, (6.52) 

A'CE(G) s.t. (A',V(G)) e£ E(G) — A' K connected components 
commutative admissible of (A',V(G)) 

where a spanning subgraph is commutative admissible if its connected components are trees 
(with a least one edge) and unicyclic graphs (i.e. connected graphs with a single cycle). 
If K is a tree T , its weight is 

W T (n,t) = 2 1 ^J2{ n% J] fte'(l + £)} (6-53) 

tST e '(zT-{e} 

"Otherwise there are extra powers of 9 on the external corners that arise from Dirac distribution on 
the flags, as we have seen on the examples in section 5.3. 



lim A G ( 

0->O 



2 > 



lim 

0-5.0 



(47T) e ^)(27r^)-(G) H U G (f ,t 
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and if K is a unicylic graph U with cycle edges C , its weight is 

Wu(tt,t) = 2 2 -\ u \ {H n et 2 e J] ^(1 + 4)}- (6.54) 

C'cC eeC e'GU-C 

\C'\ odd 

Proof. First recall that 

Hu (n,o= e 2F(gA) ( n *0( n n n 0( n ( 6 - 55 ) 

a,bce(G) e£A c nB c e£A c nB e£AnB c eeAnS 

admissible 

with (A, 5) admissible if each vertex of the graph obtained from G A by cutting the edges 
in B and removing those in B c has an even number of flags. After the rescaling Q — > 
only those graphs for which 

\A\ +2\A c r\B\ < v(G) (6.56) 

contribute to the commutative limit (6.52). Let A' = A U (A c n -B) and let {i^n} be the 
connected components of (A',V(G)). We first show that each K n is either a unicyclic 
graph with no edge in B or a tree with one edge in B and then compute its weight. 

Let A' n denote the edge set of K n , V n its vertex set and B n = A' n n A c nB. Thus (6.56) 
can be written as a sum over connected components 

J2\K\-\V n \ + \B n \ <0. (6.57) 

n 

With (A, B) admissible, this implies that for each n 

K| - |K| + \B n \ = 0. (6.58) 

Indeed, if this is not the case, then there is no such that \A' \ — \ V no \ + \B no \ ^ 0. Without 
loss of generality, we may assume that | A' no \ — \V no \ + \B no | < 0, since if it is strictly positive 
in one connected component, it has to be strictly negative in another one to obey (6.57). 
Then \A' \ — \V m \ + 1 + \B no \ < 0, but since \A' \ — \V no \ + 1 (the dimension of the 
cycle space of K no ) and \B no \ are positive, this implies that \A' \ — \ V no \ + 1 = |-B no | = 0. 
Therefore, K no is a tree and A' n n B C A, which means that all the edges of K no belong 
to A and no edge in B n A c is incident to a vertex of K no . In the partial dual G A , K no 
gives rise to a single vertex with loops and the cuts of the edges in B always yields an 
even number of flags since there is no edge in B n A c incident to this vertex. This is in 
contradiction with the fact that (A, B) is admissible, so that (6.58) holds. 
Let us rewrite (6.58) as 

\A' n \ - \V n \ + 1 + \B n \ -1 = 0. (6.59) 

Because |^J — |V^| + 1 > 0, \B n \ > 2 is impossible. With \B n \ = 1, we have |^| — |V^|+1 = 
so that K n is a tree with a single edge in B. For \B n \ = 0, we obtain \ A' n \ — \V n \ + 1 = 1, 
so that K n is a unicyclic graph with no edge in B. 

To compute the weights, let us first note that E—A' = A C C\B C , so that the contributions 
of the connected components K n factorize and each e G E — A 1 yields a factor of t e . If 
K no is a tree, then the partial duality with respect to A yields two vertices with loops 
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attached joined by the edge in B. Each loop contributes a factor of ^MMlel^ the edge in 
B and there is an additional factor of 4 since fc no yields two vertices in G A . Summing 
terms that only differ by the position of the edge in B on the tree, we obtain (6.53). If K n 
is a unicyclic graph, then in the partial dual it becomes two vertices with loops, joined 
by the cycle edges. Each loop contributes a factor of ey 2 e ' and we cut an odd number 
of cycle edges for (A, B) to be admissible. Finally, this yields two vertices in G A so that 
we have an additional factor of 4. This proves (6.54). □ 

Example 6.6 (Dumbbell) For the dumbbell graph (see 5.7), the commutative limit is 

6Vt 

lim^HU^U — ,*) = 4*1^2*!^ + 4*i^*2*3 

+4fi 2 *2^i(l + t\)h + 4Q 3 *3^i(l + tl)t 2 , (6.60) 
which corresponds to the covering by two disjoint cycles, one tree and the two unicycles. 

Example 6.7 (Planar banana and non planar banana) For the planar and non pla- 
nar bananas (see examples 5.4 and 6.3) bananas , we have 

•_>() H> 

lim HU planar (— , *) = lim HU non planar \~7T i *) = 
9 — >0 3-banana (y — ^0 3-banana \j 

f 1*2*3 [ft? + ^2 + fi s] 
+*lfi 2 ^3 [4 + 4] + *2^1^3 [t\ + ta] + t3^1^2 [t\ + t|] • (6.61) 

The first term corresponds to the contribution of the three spanning trees and the last one 
to the three cycles with two edges. As expected, there is no difference between the two 
polynomial since the two graphs only differ by a non cyclic permutation of the half-lines 
at one of the vertices. 



Conclusion and outlooks 



Motivated by the quest of an explicit combinatorial expression of the polynomial appearing 
in the parametric expression of the Feynman graph amplitudes of the Grosse-Wulkenhaar 
model, we have introduced a new topological polynomial for ribbon graphs with flags. 
This polynomial is a natural extension of the multivariate Bollobas-Riordan polynomial, 
with a reduction relation that involves two additional operations and that preserves the 
invariance under partial duality. This work raises the following questions. 

From a purely mathematical point of view, the Bollobas-Riordan polynomial is inti- 
mately tied with knot theory. This relation relies on its invariance under partial duality 
so that it is natural to inquire whether our newly introduced polynomial could also be 
related to knot invariants. 

Moreover, graph theoretical techniques have proven instrumental in the evaluation of 
some of the Feynman amplitude as multiple zeta functions [5, 6]. This may also be the 
case for Grosse-Wulkenhaar model with special properties expected to occur in the critical 
case Q = 1. A first step towards a study of the Grosse-Wulkenhaar amplitudes from the 
point of view of algebraic geometry has already been taken in [2]. 

Finally, attempts at a quantum theory of gravity based on generalized matrix models 
yield new graph polynomials, as pioneered in [11]. 
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